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A general framework is developed for the asymptotic analysis of systems of polynomials orthogonal 
with respect to measures supported on finite sets of nodes. Starting from a purely discrete interpola- 
tion problem for rational matrices whose solution encodes the polynomials, we show how the poles can 
be removed in favor of discontinuities along certain contours, turning the problem into an equivalent 
Riemann-Hilbert problem that we analyze with the help of an appropriate equilibrium measure related 
to weighted logarithmic potential theory. For a large class of general weights and general distributions 
of nodes (not necessarily uniform), we calculate leading-order asymptotic formulae for the polynomials, 
with error bound inversely proportional to the number of nodes. We obtain a number of asymptotic 
formulae that are valid in different overlapping regions whose union is the entire complex plane. We 
prove exponential convergence of zeros to the nodes of orthogonalization in saturated regions where the 
equilibrium measure achieves a certain upper constraint. Two of the asymptotic formulae for the poly- 
nomials display features distinctive of discrete weights: one formula uniformly valid near the endpoints 
of the interval of accumulation of nodes where the upper constraint is active is written in terms of the 
Euler gamma function, and another formula uniformly valid near generic band edges where the upper 
constraint becomes active are written in terms of both Airy functions Ai{z) and Bi{z) (by contrast Ai{z) 
appears alone at band edges where the lower constraint becomes active, as with continuous weights). We 
illustrate our methods with the Krawtchouk polynomials and two families of polynomials belonging to 
the Hahn class. We calculate the equilibrium measure for the Hahn weight. 

Universality of a number of statistics derived from so-called discrete orthogonal polynomial ensembles 
(discrete analogues of random matrix ensembles) is established using asymptotics for the discrete orthog- 
onal polynomials. In particular, we establish the universal nature of the discrete sine and Airy kernels 
as models for the correlation functions in certain regimes, and we prove convergence of distributions 
of extreme particles near band edges to the Tracy- Widom law. We apply these results to the problem 
of computing asymptotics of statistics for random rhombus tilings of a large hexagon. This problem is 
described in terms of discrete orthogonal polynomial ensembles corresponding to Hahn-type polynomials. 
Therefore, combining the universality theory with our specific calculations of the equilibrium measure for 
the Hahn weights yields new error estimates and edge fiuctuation phenomena for this statistical model. 
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1 Introduction 

Our basic aim is to deduce asymptotic properties of polynomials that are orthogonal with respect to pure 

point measures supported on finite sets. Let iV G N, and consider distinct real nodes xn,o < xn,i < ■ ■ ■ < 
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xn,n-i to be given; together the nodes make up the support of the pure point measures we consider. We 
use the notation 

Xn {xN,„}n=o ' where xnj < x^.k whenever j < k, (1) 

for the support set. Along with nodes we arc given positive weights wm,o, wn.i, ■ ■ • , wn.n-i^ which arc the 
magnitudes of the point masses located at the corresponding nodes. We will occasionally use the alternate 
notation w{x), x S for a weight on the set of nodes X^; thus 

w{xN,„) ^WN,n, n = 0, 1,2, . . . ,iV - 1 . (2) 

One should not infer from this notation that w{x) has any meaning for any x, complex or real, other than 
those X S Xn; even if w has a convenient functional form, we will only ever evaluate 'w{x) when x € Xn- 
The discrete orthogonal polynomials associated with this data are polynomials {pN,kiz)}^~Q where pN,k{z) 
is of degree exactly k with a positive leading coefficient and where 

N-l 

PN,k{^N,n)PN,l{^N,n)wN,n = 4i ■ (3) 

Writing pisi,k{z) — c"^\z^ + • • ■ + c'^k^ we introduce distinguished notation for the positive leading coefficient: 



iN^k ■■= C^.fc , (4) 



and we denote by 'KN,k{z) the associated monic polynomial: 

irN,k{z) ■■= PN.k{z) ■ (5) 

lN,k 

The discrete orthogonal polynomials exist and arc uniquely determined by the orthogonality conditions 
because the inner product associated with (3) is positive definite on span(l, z, z"^, . . . , but is degenerate 

on larger spaces of polynomials. The polynomials PN.k{z) may be constructed from the monomials by a 
Gram-Schmidt process. A general reference for properties of orthogonal polynomials specific to the discrete 
case is the book of Nikiforov, Suslov, and Uvarov [NikSU91]. 

One well-known elementary property of the discrete orthogonal polynomials is an exclusion principle for 
the zeros that forbids more than one zero from lying between adjacent nodes: 

Proposition 1.1. Each discrete orthogonal polynomial PN.k{z) has k simple real zeros. All zeros lie in the 
range x^^ q < z < xn^n-i and no more than one zero lies in the closed interval [xN,n,XN^n+i] between any 
two consecutive nodes. 

Proof. From the Gram-Schmidt process it follows that the coefficients of pN,k{z) are all real. Suppose that 
PN,k{z) were to vanish to nth order for some nonreal zq- Then it follows that pN,k{z) also vanishes to the 
same order at Zq, and thus that pN,k{z)/[{z — zq)^{z — Zq)"] is a polynomial of lower degree, fc — 2n > 0. By 
orthogonality, we must have on the one hand 

JV-l , . 

E, s PNM^N,n) „ 
PN,k{XN.n) ■ 1 ■ WN.n = . (6) 

XAT.n - 20 
n— ' 

On the other hand, the left-hand side is strictly positive because k < N so p^^kiz) cannot vanish at all of 
the nodes. So we have a contradiction and the roots must be real. 

The necessarily real roots are simple for a similar reason. If zq is a real root oi pN,k{z) of order greater 
than one, the quotient pM,k{z) / {z — zq)^ is a polynomial of degree fc — 2 > 0, which must be orthogonal to 
PN,k{z) itself: 

N-l , - 

El X PNM^N,n) „ 
PN,k\XN,n) ■ 7 ZK ■ WN,n = , (7) 
(a;jv,ri-zo) 

n— 
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but the left-hand side is manifestly positive, which gives the desired contradiction. 

If a simple real zero zq of PN,k{z) satisfies either zq < xn^q or zq > xn,n-i, then we repeat the above 
argument considering the polyaoToial p^^kiz) / {z— zq) of degree k—1 > to whichp7v,fc(-2) must be orthogonal, 
but for which the inner product is strictly of one sign. 

Finally if more than one zero of PN,k{z) were to lie between the consecutive nodes xjv,n and XM,n+i, then 
we can certainly select two of them, say zo and zi, and construct the polynomial pN±{z)/\{z — zq){z — zi)] 
of degree fc — 2 > 0. Again, this polynomial must be orthogonal to pM,k{z), but the corresponding inner 
product is of one definite sign, leading to a contradiction. □ 

Our goal is to establish the asymptotic behavior of the polynomials pN,k{z) or their monic counterparts 
T^Njkiz) in the limit of large degree, assuming certain asymptotic properties of the nodes and the weights. In 
particular, the number of nodes must necessarily increase to admit polynomials with arbitrarily large degree, 
and the weights we consider involve an exponential factor with exponent proportional to the number of nodes 
(such weights are sometimes called varying weights). We will obtain pointwise asymptotics with precise error 
bound uniformly valid in the whole complex plane. Our assumptions on the nodes and weights include as 
special cases all relevant classical discrete orthogonal polynomials, but are significantly more general; in 
particular, we will consider nodes that are not necessarily equally spaced. While the number of nodes will 
become large, it is important for our methods that this number is finite; general weights supported on an 
infinite discrete set of nodes require modifications of the methods we will describe and will be considered in 
a subsequent paper. 



1.1 Basic assumptions. 

We will establish rigorous asymptotics for the discrete orthogonal polynomials subject to the following 
fundamental assumptions. 

1.1.1 The nodes. 

We suppose the existence of a node density function p^{x) that is real-analytic in a complex neighborhood 
of a closed interval [a, 6], and that satisfies: 

b 

p°{x)dx = l, (8) 

J a 

and 

p^{x) > strictly, for all x G [a, b] . (9) 
The nodes are then defined precisely in terms of the density function p'^{x) by the quantization rule 

p"(x)dx=^^ (10) 

for e N and n = 0, 1, 2, . . . , — 1. Thus, the nodes lie in a bounded open interval (a, b) and are distributed 
with density p^{x). 

1.1.2 The weights. 

Without loss of generality, we write the weights in the form 

JV-l JV-l 
WN^n = (-l)^-l-»e-^^~(^~-) n - ^N,m)-^ = e'^^^^^^-) J] \xN,n " XJV,™!"' • (11) 

m— rn—0 

No generality has been sacrificed with this representation because the family of functions {Vat (a;)} is apriori 
specified only at the nodes; in other words, given positive weights {wN,n} one may solve (11) uniquely for 
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the N quantities {V]\[{xN^n)}- However, we now assume that for each sufficiently large N, Vn^x) may be 
taken to be a real-analytic function defined in a complex neighborhood G of the closed interval [a, 6], and 
that 

V^ix) = Vix) + '^ (12) 
where V{x) is a fixed real-analytic function defined in G, and 

limsup sup \ri{z)\ < oo . (13) 

TV— oo zSG 

Note that in general the correction ri{z) may depend on N, although V{x) may not. In some cases {e.g. 
Krawtchouk polynomials; see § 2.4.1) it is possible to take Vn{x) = V{x) for all A^, in which case r]{x) = 0. 
However, the freedom of assuming r]{x) ^ is useful to handle other cases {e.g. the Hahn and associated 
Hahn polynomials; see § 2.4.2). While (11) may be written for any system of positive weights, the condition 
that (12) should hold restricts attention to systems of weights that have analytic continuum limits in a 
certain precise sense. 

< Remark: The familiar examples of classical discrete orthogonal polynomials correspond to nodes that 
are equally spaced, say on (a, b) = (0, 1) (in which case we have p^{x) = 1). In this special case, the product 
factor on the right-hand side of (11) becomes simply 



n 



m=0 ^ ' 



Using Stirling's formula to take the continuum limit of this factor (that is, considering N ^ oo with 
n/N —^ x) shows that in these cases the leading term in the formula (11) is a continuous weight on (0, 1): 



-V{x) - ^ 



as A'' ^ oo and n/N — > x G (0, 1), where C is independent of x. However, taking the continuum limit of 
the weight first to arrive at a formula like (15), and then obtaining asymptotics of the polynomials of degree 
proportional to as ^ oo is not equivalent to the double-scaling limit process we will consider here. 
Our results display new phenomena because we simultaneously take the continuum limit as the degree of 
the polynomials grows. > 

Our choice of the form (11) for the weights is motivated by several specific examples of classical discrete 
orthogonal polynomials. The form (11) is sufficiently general for us to carry out useful calculations related to 
proofs of universality conjectures arising in certain types of random tiling problems, random growth models, 
and last-passage percolation problems. 

1.1.3 The degree. 

We assume that the degree k of the polynomial of interest is tied to the number A^ of nodes by a relation of 
the form 

k^cN + K (16) 
where c € (0, 1) is a fixed parameter, and k remains bounded as A'^ ^ oo. 



1.2 Simplifying assumptions of genericity. 

In order to keep our exposition as simple as possible, we make further assumptions that exclude certain 
nongeneric triples {p'^{x),V{x),c). These assumptions depend on the functions p'^{x) and V{x), and on 
the parameter c, in an implicit manner that is easier to describe once some auxiliary quantities have been 
introduced. They will be given in § 2.1.2. 
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In regard to these particular assumptions, we want to stress two points. First, the excluded triples are 
nongcncric in the sense that any perturbation of, say, the parameter c will immediately return us to the class 
of triples for which all of our results are valid. The discussion at the beginning of § 5.1.2 provides some insight 
into the generic nature of our assumptions. Second, the discrete orthogonal polynomials corresponding to 
nongeneric triples can be analyzed by the same basic method that we use here, with many of the same 
results. To do this, the proofs we present will require modifications to include additional local analysis near 
certain isolated points in the complex z-plane. Some such modifications have already been described in 
detail in the context of asymptotics for polynomials orthogonal with respect to continuous weights in § 5 of 
[DeiKMVZ99b] . The remaining modifications have to do with nongeneric behavior near the endpoints of the 
interval [a, 6], and while the corresponding local analysis has not been done before, it can be expected to be 
of a similar character. 

1.3 The goal. 

Given an interval [a, 6], appropriate fixed functions p^{x) and V{x)^ appropriate sequences ri(x) — rjiq(x) 
and K, ~ kn, and a constant c G (0,1), we wish to find accurate asymptotic formulae, valid in the limit 
N —I- oo with rigorous error bounds, for the polynomial ■KN,k{z). These formulae should be uniformly valid 
in overlapping regions of the complex z-plane. We will also require asymptotic formulae for related quantities, 
like the zeros of 7rjv,fc(z), the three-term recurrence coefficients, and the reproducing kernels Kf4_k{x, y). 

1.4 Motivation. 

Our work on this subject is connected with three different themes of current research. First of all, in 
the context of approximation theory, there has been recent activity [DeiKMVZ99a, DeiKMVZ99b] in the 
study of polynomials orthogonal on the real axis with respect to general continuous varying weights and 
the corresponding large degree pointwise asymptotics. The setting for this work is the characterization of 
the orthogonal polynomials in terms of the solution of a certain matrix-valued Riemann-Hilbert problem 
[FokIK91]. These methods are not at all particular to any special classical formulae for weights; they are 
completely general. Thus, a natural question to ask is whether it is possible to generalize the methods 
further to handle discrete weights. Discrete weights are of such a fundamentally different character than 
their continuous counterparts that this would require the development of new analytical tools. In particular, 
each point mass added to the weight amounts to a pole in the matrix solution of the Riemann-Hilbert 
problem, so the problem is to analyze the asymptotics of an accumulation of poles. 

Secondly, there has been some recent progress [KamMMOS, Mil02] in the integrable systems literature 
concerning the problem of computing asymptotics for solutions of integrable nonlinear partial differential 
equations {e-g. the nonlinear Schrodinger equation) in the limit where the spectral data associated with 
the solution via the inverse-scattering transform is made up of a large number of discrete eigenvalues. 
Significantly, inverse-scattering theory also exploits much of the theory of matrix Riemann-Hilbert problems, 
and it turns out that the discrete eigenvalues appear as poles in the corresponding matrix-valued unknown. 
So, the methods recently developed in the context of inverse-scattering actually suggest a general scheme by 
means of which an accumulation of poles in the matrix unknown can be analyzed. 

Finally, a number of problems in probability theory have recently been identified that are in some sense 
solved in terms of discrete orthogonal polynomials, and certain statistical questions can be translated into 
corresponding questions about the asymptotic behavior of the polynomials. The particular problems we 
have in mind are related to statistics of random tilings of various shapes, and also to certain natural mea- 
sures on sets of partitions. The joint probability distributions in these problems are examples of so-called 
discrete orthogonal polynomial ensembles [Joh02]. Roughly speaking, the analogy is that the relationship 
between universal asymptotic properties of discrete orthogonal polynomials and universal statistics of so- 
called discrete orthogonal polynomial ensembles is the same as the relationship between universal asymptotic 
properties of polynomials orthogonal with respect to continuous weights and universal eigenvalue statistics 
of certain random matrix ensembles. We will give many more details later on, but for now the point is that 
the techniques required for computing asymptotics of discrete orthogonal polynomials with general weights 
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have become available at just the time when questions that can be answered with these tools are appearing 
in the applied literature. 



1.5 Methodology. 

1.5.1 The basic interpolation problem. 

Given a natural number N, a set Xn of nodes, and a set of corresponding weights {lujv.n}, consider the 
possibility of finding the matrix F{z; k) solving the following problem, where k is an integer. 

Interpolation Problem 1.2. Find a 2 x 2 matrix P{z; N, k) with the following properties: 

1. Analyticity.- P(2;; k) is an analytic function of z for z G C \ Xm ■ 

2. Normalization; As z ^ oo, 





P(z;iV,fc) 



= 1 + 



z'' 



(17) 



3. Singularities; At each node XN,n G Xn, the first column of F{z; N, k) is analytic and the second 
column ofF{z;N,k) has a simple pole, where the residue satisfies the condition 



Res P{z;N,k)^ lim P(z;iV,fc) 



WN,, 







WN,nPll{xN,n;N,k) 
WN,nP2l{xN,n,N,k) 



(18) 



for n = 0, 



,iV-l. 



This problem is a discrete version of the Riemann-Hilbert problem appropriate for orthogonal polynomials 
with continuous weights that was first used in [FokIK91] (see also [DeiKMVZ99a, DeiKMVZ99b]). The 
solution of this problem encodes all quantities of relevance to a study of the discrete orthogonal polynomials, 
as we will now see. 

Proposition 1.3. Interpolation Problem 1.2 has a unique solution when < k < N — 1. In this case, 



( 



P(z;iV,fc) = 



1^N,k{z) 



N-1 

E 

n=0 



WN,nT^N,k 



(xnm) \ 



Z — Xj\[ n 



N-1 

iN,k-iPN,k-i{z) 

n=0 



WN,7ilN,k~lPN,k-l{xN,n) 



Z - XN,n 



if k > and 



N-1 



P(z;iV,0) 



1 E 



WN-. 



n=0 



Z - XN.; 



V 



(19) 



(20) 



Proof. Consider the first row of P(z; N, k). According to (18), the function Pii{z; N, k) is an entire function 
of z. Because A; > it follows from the normalization condition (17) that in fact Pii{z; N,k) is a monic 
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polynomial of degree exactly k. Similarly, from the characterization (18) of the simple poles of Pi2{z; N, k), 
we see that Pi2(z; N, k) is necessarily of the form 

V / AT U\ / \ < \^ WN,nPll{xN,n;N,k) 

Pi2{z;N,k) = ei{z) + y (21) 

^ Z- XN,n 

n— ' 

where 61(2:) is an entire function. The normalization condition (17) for A; > immediately requires, via 
Liouville's Theorem, that ei(z) = 0, and then when \z\ > max„ Ix^r^nl we have by geometric series expansion 
that 

00 /JV-l \ ^ 

Pl2{z-N,k) =Y.\Y. Pll{xN,n]N,k)x^^,^WN,n ^ ■ (22) 
m=0 \n=0 / 

According to the normalization condition (17), Pi2{z] N, k) = o{z^^) as 2; — > 00; therefore it follows that the 
monic polynomial ^11(2:; A'', k) of degree exactly k must satisfy 

N-l 

X] ^ii(^JV,«;iV,fc)a;^,„u.7v,„ = for m = 0, 1, 2, . . . , A: - 1 . (23) 

?i=0 

As long as fc < A^ — 1, these conditions uniquely identify Pii{z; N, k) with the monic discrete orthogo- 
nal polynomial T^N,k{z). The existence and uniqueness of TTN.k{z) for such k is guaranteed given distinct 
orthogonalization nodes and positive weights (definitcness of the inner product). 

The second row of P(z;A^, fc) is studied similarly. The function P2i{z; N,k) is seen from (18) to be an 
entire function of z, that according to the normalization condition (17) must be a polynomial of degree at 
most k — 1 (for the special case of A: = these conditions immediately imply that P2i{z; N,0) = 0). The 
characterization (18) implies that ^22(2; A, k) can be expressed in the form 

U i AT l,\ i \ , \^ WN,nP2lixN,n;N, k) 

P22{z;N,k) = e2{z) + y (24) 

^ Z- XN,n 

n— ' 

where 62(2) is an entire function. If k = 0, then P22{z', N, 0) = 62(2;) and then according to the normalization 
condition (17) we must take 62(2) = 1. On the other hand, if fc > 0, then (17) implies that P22{z; N, k) decays 
for large z and therefore we must take 62(2) = in this case. Expanding the denominators in geometric 
series for \z\> max„ |a;Ar_„|, we find 

P22{z-N,k) =Y.[Y. P2l{xN.n;N,k)x'^^^WM.n (25) 
m=0 \n=0 / 

Imposing the normalization conditions (17) we now insist that P22{z; N, k) = z~^ + 0(z~'^~^) as 2 — > oo; 
therefore 

Af-l 

^ P2i(a:jv,n;^,A)a;5^,„wjv,„ = 0, for m = 0, 1, 2, . . . , fc - 2 , (26) 

n=0 

and 

P2l{xN,n;N, fc)x^7>JV,n = 1 ■ (27) 



Using (26), the condition (27) can be replaced by 

7V-1 N-l 

'Y P2l{xN,n;N,k)TTN.k-l{xN.n)wN.n ^ I Or ^ 

rt=0 n=0 



-P2l{xN,n;N,k) 



"/N,k-1 



PN,k-l{xN,n)wN,n = 1 • 



(28) 

These conditions therefore uniquely identify P2i{z; A^, k)/^N,k-i with the orthogonal polynomial pM,k-i{z)- 
The interpolation problem is thus solved uniquely by the the matrix explicitly given by (19) for fc > 
and by (20) for fc = 0. □ 
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An important feature of all systems of orthogonal polynomials, that is present whether the weights are 
discrete or continuous, is the well-known three-term recurrence relation. See [Sze91] for details. There are 
constants a^fi, aN,i, • ■ • , cln,n-2 and positive constants &Ar^o, ^iv,i, ■ • ■ , ^iv,Af-2 such that 

zpN,k{z) = bM,kPN,k+i{z) + aN,kPN,k{^) + bN,k-iPN.k-i{z) (29) 

holds for fc = 1, . . . , iV — 2, while for fc = one has 

zpN,o{z) = bN.»PN.i{z) + aN.oPN.»[z) . (30) 

Necessarily, one has h^^k — lN,kllN.k+i- The constants in the three-term recurrence relation are also 
encoded in the solution of Interpolation Problem 1.2. By expansion for large z of the explicit solution given 
in Proposition 1.3 we have the following: 

Corollary 1.4. Let An, k, BN,k, CmMj andD^.k denote certain terms in the large z expansion of the matrix 
elements ofP(z;N,k): 

z''Pi2{z;N,k) = •- + — i- + 0[^ 

z z \z^ 

^Pn{z;N,k) = 1 + ^ + (^^) (31) 



as z oo. Then 



1 



lN,k — I . 1 lN,k-\ = \J Dj^^k ■ 



B 



(32) 



aN.k — CN,k + —r—i bN,k-i — J AN^kDN,k ■ 

^N,k 



1.5.2 Triangularity of residue matrices and dual polynomials. 

Interpolation Problem 1.2 involves residue matrices that are upper-triangular. An essential aspect of our 
methodology will be to modify the matrix P{z; N, k) in order to selectively reverse the triangularity of the 
residue matrices near certain individual nodes xn n- Let A C Zjv where 



:={0,1,2,...,7V-1}, 



(33) 



and denote the number of elements in A by #A. We will r6V6rsG the triciiigulcirity for thosG nodGS xjsf^^n for 
which n G A. Consider the matrix Q{z;N, k) related to the solution P{z;N, k) of Interpolation Problem 1.2 
as follows: 



Qiz;N,k) ■.^P{z;N,k) 



(Z - XN,n) 



(z - XN,ny 



P(z;N,k) 



neA 







(z - XN,n) 



(34) 



Here CT3 is a Pauli matrix: 



CT3 




(35) 
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It is easy to check that the matrix Q(z; TV, fc) so defined is an analytic function oi z ior z E C \ Xn that 
satisfies the normalization condition 



z 



#A-fc 



Q(z;iV,fc) 







Z' 







k-#A 



= i + o 



as z ^ oo. 



(36) 



Furthermore, at each node XN,m the matrix Q(z; N, k) has a simple pole. If n belongs to the complementary 
set 

V:=ZAr\A, (37) 

then the first column is analytic at xn,7i and the pole is in the second column such that the residue satisfies 
the condition 



^ WN,n Y\_ i^N,n " XN^rn)'^ \ 



Res Q{z;N,k)= lim Q(z;iV,fc) 



m6A 



V 







(38) 



for n G V. If ri G A, then the second column is analytic at xjv.n and the pole is in the first column such that 
the residue satisfies the condition 



Res Q{z;N,k)= lim Q(z;iV,fc) 

Z — XN n Z-^XN.n 



( 

TT (a^w.n - Xn,, 

WN,n Va 



\ 

-2 

) 



(39) 



for n G A. Thus, the triangularity of the residue matrices has been reversed for nodes in A C Xm- 

The relation between the solution P(z;-/V, fc) of Interpolation Problem 1.2 and the matrix Q(z;A^, fc) 
obtained therefrom by selective reversal of residue triangularity gives rise in a special case to a remarkable 
duality between pairs of weights {wm.u} defined on the same set of nodes and their corresponding families 
of discrete orthogonal polynomials that comes up in applications. Given nodes X^^ and weights {w^.n}, the 
dual polynomials arise by taking A = Z^v in the change of variables (34), and then defining 



P(z;iV,A:) := criQ(z;iV, A;)ai , where k := N - k . 
Here ai is another Pauli matrix: 



CTl 



1 



1 



(40) 



(41) 



Thus, we are reversing the triangularity at all of the nodes, and swapping rows and columns of the resulting 
matrix. It is easy to check that P(z; N, k) satisfies 



P(z;iV,fc)' ' 



k Q 

z'^ 



0,1 



as 2 — > oo 



and is a matrix with simple poles in the second column at all nodes, such that 

(0 Wn,, 


holds for 71, G Ztv, where the "dual weights" {wN,n} are defined by the identity 



WN.nWN.n 



N-1 
m=0 



XN.n ~ Xjsi.m) 



1 



(42) 



(43) 



(44) 
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Comparing with Interpolation Problem 1.2 we see that Pii{z; N,k) is the monic orthogonal polynomial 
TTj^^{z) of degree k associated with the dual weights {wnj} (and the same set of nodes X^). In this sense, 
families of discrete orthogonal polynomials always come in dual pairs. An explicit relation between the dual 
polynomials comes from the representation of P{z] N, k) given by Proposition 1.3: 

Tfiv.fcl^) = Pii{z;N,k) 

N-l 

= P22{z;N,k)Y[{z~XN,n) 

n=0 (45) 

N-l N-l 

= ^ WN,mjN,k-l'^N,k~lixN,rn) (^ " X N .n) ■ 

m— n— 

Since the left-hand side is a monic polynomial of degree k = N — k and the right-hand side is apparently a 
polynomial of degree iV — 1, equation (45) furnishes k relations among the weights and the normalization 
constants 77v,A:- 

In particular, if we evaluate (45) for z = xjv.j for some I S Z^v, then only one term from the sum on the 
right-hand side survives and we find 

N-l 

'^N,ki^N,l) = lN,k-l^N,l {XN,1 - XN,n} ' TTN,k-l{xN,l) , (46) 

n=0 

an identity relating values of each discrete orthogonal polynomial and a corresponding dual polynomial at 
any given node. The identity (46) has also been derived by Borodin [BorOl]. 

Furthermore, by using (45) twice, along with the fact that Tfk{z) = 7Tk{z) (i.e. duality is an involution), 
we can obtain some additional identities involving the discrete orthogonal polynomials and their duals. By 
involution, (45) implies that 

N-l N-l 

T^nM^) = 7ife_ i7w,fc Y] T^N,k{^N.m) n ■ (4'') 



m— n— 



XN,m — Xn,; 



The sum on the right-hand side is the Lagrange interpolating polynomial of degree iV — 1 (at most) that 
agrees with ■nN,k{z) at all N nodes. Of course this identifies the sum with iiN.kiz) itself, upon which we find 
the relation 

iNrk-i = (48) 

iN.k 

between the normalization constants for the discrete orthogonal polynomials and their duals. 

< Remark: We want to point out that the notion of duality described here is different from that explained 
in [NikSU91]. The latter generally involves relationships between families of discrete orthogonal polynomials 
with two different sets of nodes of orthogonalization. For example, the Hahn polynomials are orthogonal 
on a lattice of equally spaced points, and the polynomials dual to the Hahn polynomials by the scheme of 
[NikSUQl] are orthogonal on Ql qucidrRtic lattice for wliicli xj^ ^i — ^N^n—i 

is proportional to n. However, 

the polynomials dual to the Hahn polynomials under the scheme described above are the associated Hahn 
polynomials, which are orthogonal on the same equally-spaced nodes as are the Hahn polynomials themselves. 
The notion of duality described above coincides with that described in [BorOl] and is also equivalent to the 
"hole/particle transformation" considered by Johansson [Joh02]. > 



12 



1.5.3 Outline of approach. 



The characterization of the discrete orthogonal polynomials in terms of Interpolation Problem 1.2 is the 
starting point for om' asymptotic analysis. 

Our rigorous analysis of P(2:; N, k) consists of three steps: 

1. We introduce a change of variables, transforming P{z; N,k) into X(2:), another matrix function of z. 
The transformation mediating between P(z; N, k) and X(z) is explicit and exact. The matrix X(z) is 
shown to satisfy a matrix Riemann-Hilbert problem that is equivalent to Interpolation Problem 1.2. 

2. We construct an explicit model X(z) for X(z) on the basis of formal asymptotics. We call X(z) a 
global parametrix for X(2;). 

3. We compare X(z) to the global parametrix X(z) by considering the error E(z) := X(z)X(z)~^, which 
should be close to the identity matrix if the formally obtained global parametrix X(z) is indeed a 
good approximation of X(z). We rigorously analyze E(z) by viewing its definition in terms of X(z) 
as another change of variables, since X(z) is known explicitly from step 2. This means that we may 
pose an equivalent Riemann-Hilbert problem for E(z). We prove that this Riemann-Hilbert problem 
may be solved by a convergent Neumann series if N is sufficiently large. The series for E(z) is also 
an asymptotic series whose first term is the identity matrix, such that E(z) — I is of order 1/A'^ in a 
suitable precise sense. This gives an asymptotic formula for the unknown matrix X(z) = E(z)X(z). 
Inverting the explicit change of variables from step 1 linking X(z) with P(z; N, k), we finally arrive at 
an asymptotic formula for P(z; N, k). 

The first step in this process is the most crucial, since the explicit transformation from ^{z; N, k) and X(z) 
has to result in a problem that has been properly prepared for asymptotic analysis. The transformation is 
best presented as a composition of several subsequent transformations: 

1(a). A transformation (34) is introduced from F{z; k) to a new unknown matrix Q{z;N,k) having the 
effect of moving poles at some of the nodes in Xn from the second column of P{z; N, k) to the first 
column of Q(2;;7V, fc). This transformation turns out to be necessary in our approach to take into 
account subintervals of [a, h] that are saturated with zeros of iTN,kiz) in the sense that there is a zero 
between each pair of neighboring nodes (recall Proposition 1.1). The saturated regions are not known 
in advance, but are detected by the equilibrium measure (see step 1(c) below). 

1(b). The matrix Cl{z; N, k) is transformed into R(z), a matrix that has, instead of polar singularities, a jump 
discontinuity across a contour in the complex z-plane along which R(z) takes continuous boundary 
values. To see how a pole may be removed at the cost of a jump across a contour, consider a point 
xq at which a matrix function 'M.(z) is meromorphic, having a simple pole in the second column such 
that for some given constant wq: 



If f{z) is a scalar function analytic in the region < |z — xqI < e for some e > having a simple pole 
at xo with residue wq (obviously there are many such functions and consequently significant freedom 
in making a choice), then we may try to define a new matrix function N(z) by choosing some positive 
6 < e sufficiently small and setting 




(49) 




for \z 



for \z 



(50) 



13 



It follows that the singularity of ^{z) at z = xq is removable. Therefore N(z) may be considered to be 
analytic in the region — xo| < S, and also at each point of the region |z — a;o| > 6 where additionally 
M(z) is known to be analytic. In place of the residue condition (49), we now have a known jump 
discontinuity across the circle |z — xqI = S along which N(z) takes continuous boundary values from 
the inside (denoted N-|_(z)) and the outside (denoted N_(z)): 



Obviously, the disc |z — xqI < S can be replaced by another domain D containing xq. This technique 
of removing poles was first introduced in [DeiKKZ96] . 

The problem at hand is more complicated because the number of poles grows in the limit of interest, 
and in this limit the poles accumulate on a fixed set, and thus it is not feasible to encircle each with 
its own circle of fixed size. In [KamMMOS] a generalization of the technique described above was 
developed precisely to allow for the simultaneous removal of a large number of poles in a way that is 
asymptotically advantageous as the number of poles increases. This generalization employs a single 
function f(z) with simple poles at Xjv.n for n = 0, . . . , A'^ — 1 having corresponding residues WAr.n, and 
makes the change of variables (50) in a common domain D containing all of the points xn,q, . . . , x^^pf-i. 
The essential asymptotic analysis is then related to the nature of the jump condition that generalizes 
(51) for z on the boundary of D. This jump condition can have different asymptotic properties in the 
limit N oo according to the placement of the boundary of D in the complex plane. 

Further difhcultics arise here because it turns out that the correct location for the boundary of D 
needed to facilitate the asymptotic analysis in the limit N ^ oo coincides in part with the interval 
[a, b] that contains the poles, and in the context of the method of [KamMMOS] this leads to singularities 
in both the boundary values of the matrix unknown and also in the jump matrix relating the boundary 
values. These singularites are an obstruction to further analysis. Therefore, the transformation we will 
introduce from Q{z; N, k) to 'R{z) uses a further variation of the pole removal technique developed in 
[Mil02] in which two different residue interpolating functions fi{z) and f2iz) are used in respective 
disjoint domains Di and D2 such that all of the poles XN,n are common boundary points of both 
domains. This version of the pole removal technique ultimately enables subsequent detailed analysis 
in the neighborhood of the interval [a, 6] in which Q(2; k) has poles. 

1(c). R(z) is transformed into S(z) by a change of variables that is written explicitly in terms of the 
equilibrium measure. The equilibrium measure is the solution of a variational problem of logarithmic 
potential theory that is posed in terms of the functions p°{x) and V{x) given on the interval [a,b] 
and the constant c € (0, 1). The fundamental properties of the equilibrium measure are well-known in 
general, and for particular cases of p°(a;), V{x), and c, it is not difficult to calculate the equihbrium 
measure explicitly. The purpose of introducing the equilibrium measure is that the variational problem 
it satisfies entails some constraints that impose strict inequalities on variational derivatives. These 
variational derivatives ultimately appear in the problem with a factor of N in certain exponents, and 
the inequalities lead to desirable exponential decay as ^ 00. 

The technique of preparing a matrix Ricmann-Hilbcrt problem for subsequent asymptotic analysis with 
the introduction of an appropriate equilibrium measure first appeared in the paper [DciVZO?], and was 
subsequently applied to the computation of asymptotics for orthogonal polynomials with continuous 
weights in [DeiKMVZ99a, DeiKMVZ99b]. The key quantity in all of these papers is the complex 
logarithmic potential of the equilibrium measure, the so-called "(7-function" . In order to apply these 
methods in the discrete weights context, we need to modify the relationship between the g- function 
and the equilibrium measure (see (289) and (292) below) to reflect the local reversal of triangularity 
described in 1(a) above. This amounts to a further generalization of the technique introduced in 




(51) 



[DeiVZ97]. 
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The final transformation exphcitly relates S(z) to a matrix X(z). The matrix S(z) is apparently 
difficult to analyze in the neighborhood of subintervals of [a, b] where constraints in the variational 
problem arc not active and consequently exponential decay is not obvious. A model for this kind of 
situation is a matrix M(z) that takes continuous boundary values on an interval / of the real axis from 
above (denoted M_|-(z)) and below (denoted M_(z)) that satisfy a jump relation of the form 



M+(z) = M_(z) 



iNe{z) 







1 



(52) 



where 6{z) is a real-analytic function that is strictly increasing for z Cz I. This is therefore a rapidly 
oscillatory jump relation that has no obvious limit as iV — > oo However, noting the algebraic factoriza- 
tion 

. ^ / : owo :w , oy ^^^^ 

and using the analyticity of 9{z), we may choose some sufficiently small e > and define a new unknown 
by setting 



M(z) 



1 

^^iNe{z) 







1 



, for 5R(z) e / and < 3(z) < e , 



N(z) <( / I \ (54) 

M(z) , for sR(z) e I and -e < 9(z) < , 

^-iNe{z) ^ 



[ M(z), 



otherwise . 



The matrix N(z) has jump discontimuties along the three parallel contours 1,1 + ie, and / — ie. If on 
any of these we indicate the boundary value taken by N(z) from above as N-|_(z) and from below as 
N_(z), then the oscillatory jump condition for M(z) in / is replaced by the three different formulae: 



N+(z) = N_(z) 



1 



^iN0{z) I 



z e I + ie, 



(55) 



N+(z) = N_(z) 



N+(z)=N_(z) 



1 



-1 



z E I — ie , 



zel. 



(56) 



(57) 



The Cauchy-Riemann equations satisfied by 9{z) in / imply that ?R.(i9{z)) is negative for 3(z) = e and 
positive for 3(z) = — e. Thus the jump conditions (55)-(57) all have obvious asymptotics as — > oo. 

The replacement of an oscillatory jump matrix by an exponentially decaying one on the basis of an 
algebraic factorization is the essence of the steepest descent method for Riemann-Hilbert problems first 
proposed in [DciZ93]. Our transformation from 8(2;) to X(z) is based on this key idea, but involves 
more complicated factorizations of both upper and lower triangular matrices. 
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These three steps of our analysis of the matrix 'P{z;N, k) solving Interpolation Problem 1.2 will be carried 
out in § 4 and § 5. 

But first, we will present the results of our analysis. The detailed asymptotic behavior in the limit 
iV ^ oo of the discrete orthogonal polynomials in overlapping sets that cover the entire complex plane 
will be discussed in § 2. After some important definitions and notation arc established in § 2.1 and § 2.2, 
the results themselves will be given in in § 2.3. In § 2.4 we show how the general theory applies in some 
classical cases, specifically the Krawtchouk polynomials and two types of polynomials in the Hahn family. 
The equilibrium measures for the Hahn polynomials are also described here in Theorem 2.17. 

Further results of our analysis in the context of statistical ensembles associated with families of discrete 
orthogonal polynomials are discussed in § 3. First, we introduce the notion of a discrete orthogonal polyno- 
mial ensemble in § 3.1, and describe the ensembles associated with dual polynomials in § 3.2. In § 3.3, we 
discuss rhombus tilings of a hexagon as a specific application of discrete orthogonal polynomial ensembles 
and their duals. Our general results on universality of various statistics in the limit N ^ oo are explained 
in § 3.4. The specific results implied by the general ones in the context of the hexagon tiling problem are 
described in § 3.5. 

As mentioned above, § 4 and § 5 contain the complete asymptotic analysis of the matrix P{z; N, k) in 
the limit N oo. This analysis is then used in § 6 to establish the results presented in § 2.3, and then is 
used again in § 7 to establish the results presented in § 3.4. 

For those asymptotic results given here that correspond to theorems already stated in our announcement 
[BaiKMMOS], we generally obtain significantly sharper error estimates. Since we published our announce- 
ment, we have learned how to circumvent certain technical difficulties related to the continuum limit of the 
discrete orthogonality measures and the possibility of transition points where triangularity of residue ma- 
trices changes abruptly. In our opinion, these technical innovations do more than make the error estimates 
sharper; they also make the proofs more elegant. 

1.6 Acknowledgements. 

J. Baik was supported in part by the National Science Foundation under grant DMS-0208577. T. Kriecherbauer 
was supported in part by the Deutsche Forschungsgenieinschaft under grant SFB/TR 12. K. T.-R. McLaugh- 
lin was supported in part by the National Science Foundation under grant numbers DMS-9970328 and 
DMS-0200749. K. T.-R. McLaughhn wishes to thank T. Paul, F. Golse, and the staff of the Ecole Normal 
Superieur, Paris, for their kind hospitality. P. D. Miller was supported in part by the National Science 
Foundation under grant DMS-0103909, and by a grant from the Alfred P. Sloan Foundation. 

We wish to thank several individuals for their comments: A. Borodin, P. Deift, M. Ismail, K. Johansson, 
and A. Kuijlaars. We also thank J. Propp for providing us with Figure 6. 

2 Asymptotics of General Discrete Orthogonal Polynomials in the 
Complex Plane 

In this section we state our results on the asymptotics of the discrete orthogonal polynomials subject to the 
conditions described in the introduction, in the limit N ^ oo. The asymptotic formulae we will present 
characterize the polynomials in terms of an equilibrium measure (described below in § 2.1) and also the 
function theory of a hyperelliptic Riemann surface associated with the equilibrium measure (described below 
in § 2.2). The results themselves will follow in § 2.3. 

2.1 The equilibrium energy problem. 
2.1.1 The equilibrium measure. 

It has been recognized for some time (sec [Rak96, DraS97] as well as the review article [KuiR98]) that the 
asymptotic behavior of discrete orthogonal polynomials in the limit N oo with k/N ^ c G (0, 1), and in 
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particular the distribution of zeros in (a, 6), is related to a constrained equilibrium problem for logarithmic 
potentials in a field ip{x) given by the formula 



fix):=V{x)+ \og\x-y\p°{y)dy (58) 

J a 

for X £ (a, b). Under our assumptions on the weights, we can also view ip{x) as being defined via a continuum 
limit: 

^{x) := - hm i^^ii^ (59) 

where wj^^n is expressed in terms of xjv^n which in turn is identified with x. Eliminating ^(x) between (58) 
and (59) amounts to a more general version of the limiting statement (15). The external field 1^9(2;) we need 
here is analogous to the continuum limit of that usually encountered in the potential theory of orthogonal 
polynomials [Sze91]. 

Here, the field ^>(x) is a real-analytic function in the open interval (a, 6) because V(x) and p^(x) are (by 
assumption) real-analytic functions in a neighborhood of [a, 6]. Unlike V{x) and p^{x), however, the field 
(p{x) does not extend analytically beyond the endpoints of (a, b) due to the condition (9). 

Given c G (0, 1) and (p{x) as above, consider the quadratic functional 

Ec[n]:=c / log^ dn{x) dp{y) + ip{x) dp{x) (60) 

of Borel measures //on [a, 6] . The subscript denotes the dependence of the energy functional on the parameter 
c. Let /i^jin be the measure that minimizes Ec [p\ over the class of measures satisfying the upper and lower 
constraints 

0</ dp{x)<-[ p°{x)dx (61) 
for all Borel sets B C [a, b], and the normalization condition 

cb 



dn{x) = 1 . (62) 

The superscript on the minimizer indicates the value of the parameter c for which the energy functional 
(60) is minimized. The existence of a unique minimizer under the conditions enumerated in § 1.1.1 and 
§ 1.1.2 follows from the Gauss-Frostman Theorem; see [Safr97] and [DraS97] for details. We will refer to 
the minimizer as the equilibrium measure. 

That a variational problem plays a central role in asymptotic behavior is a familiar theme in the theory 
of orthogonal polynomials. The key new feature contributed by discreteness is the appearance of the upper 
constraint on the equilibrium measure {i.e. the upper bound in (61)). Since the equilibrium measure gives 
the distribution of zeros of 'iTN,k{z) in [a, 6], the upper constraint can be traced to the exclusion principle for 
zeros described in Proposition 1.1. 

The theory of the "doubly constrained" variational problem we are considering is well-established. In 
particular, the analytic properties we assume of V(x) and p'^{x) turn out to be unnecessary for the mere 
existence of the equilibrium measure. However, analyticity of V{x) and p^{x) provides additional regularity 
that we wish to exploit. In particular, we have the following result from the paper [KuiOO]. 

Proposition 2.1 (Kuijlaars). Let V{x) and p^{x) be functions analytic in a complex neighborhood of 
[a, 6] with p'^{x) > in [a, 6]. Then, the equilibrium measure /i^^jn is continuously differentiable with 
respect to x £ {o-,b). Moreover, the derivative dfi'^^^/dx is piecewise analytic, with a finite number of 
points of nonanalyticity that may not occur at any x where both (strict) inequalities dp,'^^^/ dx{x) > and 
dp'^^^/ dx{x) < p^{x)/c hold. 
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At a formal level, finding fj. minimizing Ec[fj] subject to the constraint (62) may be viewed as seeking a 
critical point of the modified functional 

F,[fi] ■.= E,[fi]-e, f d^i{x) (63) 

J a 

where £c is a Lagrange multiplier. When fi = ^Jjii^ and Ic is an appropriate associated real constant, 
variations of Fc[^] vanish in subsets of [a,b] where neither the upper nor the lower constraints are active. 
The Lagrange multiplier (the subscript indicates the dependence on the parameter c) is known in potential 
theory as the Robin constant. 



2.1.2 Simplifying assumptions on the equilibrium measure. 

For simplicity of exposition we want to exclude certain nongeneric phenomena that may occur even un- 
der conditions of analyticity of V{x) and p^{x). Let T_ C [a, 6] denote the closed set of a;- values where 
d/i^ijj/(ia;(a;) = 0, and let T C [a, h] denote the closed set of x- values where dfj.f^-^/dx{x) = p^{x)/c. We will 
make the following assumptions: 

1. Each connected component of T and T has a nonempty interior. Therefore £ and arc both finite 
unions of closed intervals with each interval containing more than one point. Note that this docs not 
exclude the possibility of either T_ot T being empty. 

2. For each open subinterval U of (a, &) \ (£ U T) and each limit point zq G £ of J7, we have 

lim JlmiL{^x)=K withO<A'<oo (64) 

x^zo^xeu -~ zo| dx 

and for each limit point zq ^ T oi U, we have 

1 



lim 



K with < /\ < oo . (65) 



Therefore the derivative of the equilibrium measure meets each constraint exactly like a square root. 

3. A constraint is active at each endpoint: {a, b} d T . 

It is difficult to translate these conditions on into sufficient conditions on c, V{x), and p'^{x). However, 
there is a sense in which the conditions above are satisfied generically. By genericity, we mean that given 
V{x) and p°(a;), the set of values of c for which the conditions fail is discrete. For the analogous problem 
in the continuous weights case, the conditions 1 and 2 above are proved to be generic in [KuiMOO] and we 
expect the same of the discrete weights. For further arguments supporting the claim of the generic nature of 
these two conditions, see the discussion at the beginning of § 5.1.2. However, the condition 3 above has no 
counterpart in continuous weight cases. Nevertheless, for the classical discrete weights of the Krawtchouk 
and Hahn classes this condition indeed holds for all but a finite number of c e (0, 1). 

< Remark: Relaxing the condition that a constraint should be active at each endpoint requires specific 
local analysis near these two points. We expect that a constraint being active at each endpoint is a generic 
phenomenon in the sense that the opposite situation occurs only for isolated values of c. We know this 
statement to be true in all relevant classical cases. For the Krawtchouk polynomials only the values c = p or 
c = q — 1 — p correspond to an equilibrium measure that is not constrained at both cndpoints (see [DraSOO] 
and § 2.4.1). The situation is similar for the Hahn polynomials, where only the values c = ca and c ~ cb 
defined by (188) are exceptional (see § 2.4.2). While the values of c for which no constraint is active at 
an endpoint of (a, b) are exceptional, the behavior of the equilibrium measure near that endpoint at the 
exceptional values of c is again, in a sense, generic. In particular, we have the following result. 
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Proposition 2.2. Suppose that p'^{x) and V(x) are analytic functions for x G (a, 5) having, along with 
V'{x), continuous extensions to [a, 6]. Suppose also that one of the endpoints a or h is not contained in 
T_VJ !F . Then if p^{x) and dfi'^^^^^/dx are Holder continuous at this endpoint with exponent f > 0, then as 
X € (a, b) tends toward the endpoint, 

pO(a;)_2c^^(a;) ^0. (66) 



dx 



Thus, if neither constraint is active at an endpoint of (a, 6), then at that endpoint the equilibrium measure 
takes on the average value of the upper and lower constraints. 

Proof. Since for some neighborhood U of the endpoint no constraint is active in (a, b)nU, an Euler-Lagrange 
derivative of Ec[p] satisfies a variational equiHbrium condition (see (79)) at each point of (a, 6) n U. Differ- 
entiating this condition with respect to x yields 



P. V. 



f{y)dy 



y 



+ V'{x) = where f (x) := p° (x) - 2c 



dpi 



dx 



(67) 



which holds for all x in the interior of the subinterval. Removing the singularity from the principal value 
integral gives the identity 



f{x) log 



liv) - /(^) 
x~y 



dy + V'{x) =0, 



(68) 



where the integral is nonsingular by virtue of the Holder condition, and is uniformly bounded. If K > is 
the Holder constant for f , then we have 



J a 



f{y) - /(^) 

x~y 



dy 



< 



fiv) - f{^) 



x-y 



dy 



< K 



< 



-[{X- 



K{b - aY 



dy 



(69) 



Letting x tend toward the endpoint of interest in (68), all terms but the first one on the left-hand side 
therefore remain bounded. Hence it is necessary that the first term involving the logarithm be bounded as 
well; by the Holder condition satisfied by f{x) at the endpoint it follows that f{x) tends to zero as x tends 
toward the endpoint. □ 

This fact provides the key to modifications of the analysis we will present in § 5 that are necessary to 
handle the exceptional values of c G (0, 1). We will describe these modifications in a subsequent paper. > 



2.1.3 Voids, bands, and saturated regions. 

Under the conditions enumerated in § 1.1.1. § 1.1.2, and § 2.1.2, the equilibrium measure p^^^^ partitions 
(a, b) into three kinds of subintervals, a finite number of each, and each having a nonempty interior. The 
three types arc defined as follows: 

Definition 2.3 (Voids). A void T is an open subinterval of [a,b] of maximal length in which /i°^;jj(x) = 0, 
and thus the equilibrium measure realizes the lower constraint. 
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Definition 2.4 (Bands). A band I is an open subinterval of [a, 6] of maximal length where is a 

measure with a real-analytic density satisfying < d^'^^-^^/dx < p^(x)/c. 

Definition 2.5 (Saturated regions). A saturated region T is an open subinterval of [a, 6] of maximal 
length in which rf/^fjiin/rfa; = p'^{x)/c, and thus the equilibrium measure realizes the upper constraint. 

Voids and saturated regions will also be called gaps when it is not necessary to distinguish between these 
two types of intervals. The closure of the union of all subintervals of the three types defined above is the 
interval [a, b]. From condition 1 in § 2.1.2 above, bands cannot be adjacent to each other, and from condition 
3 in § 2.1.2 a band may not be adjacent to an endpoint of [a,b]. Thus subject to our assumptions, a band 
always has on each side either a void or a saturated region, and the equilibrium measure thus determines a 
set of numbers in (a, b) 

a < < Pf) < ai < [3i < ■ ■ ■ < ac < Pg <b (70) 
that are the endpoints of the bands. Thus the bands are open intervals of the form 

/,:=(a„/3,), for j = 0,...,G. (71) 

The corresponding gaps are the intervals (a, ao), (/3g: ^)i which we refer to as the exterior gaps, and 

r, :=(/3,_i,a,), for j = l,...,G, (72) 

which we refer to as the interior gaps. 



2.1.4 Quantities derived from the equilibrium measure. 

The variational derivative of Edfj] evaluated on the equilibrium measure fi = /^^jj,-, is given by 

— -^(x) := -2c / log \x - y\ d^i'i^^^iy) + Lp{x) , (73) 



(5/i 

and we may define an analytic logarithmic potential of the equilibrium measure by the formula 

Lc{z) ■— c \og{z — x) c?^Jjjijj(a;) , for z e C \ (— oo, b] . (74) 

J a 

r 

From any gap F we may introduce a function (z) analytic for z with 3?(z) e F and |Q(-z)| sufficiently small 
that satisfies 

-r f'' 

L^ {z) — c I log |z — (i/x^i„(a;) , for z G F . (75) 

J a 

And from any band / we may introduce a function L^(z) analytic for z with ^{z) € / and |jS(z)| sufficiently 
small that satisfies 

-I f' 

L^{z) = c log jz - (i/^5jji,j(x) , for z e I . (76) 



Recall the Lagrange multiplier ic. If F is a void, then admissible variations of /i^j^ are positive, and a 
simple variational calculation shows that and for a; G F we have the strict inequality 

^(x)>4. (77) 

Thus, for each void F we may introduce a positive function having an analytic extension from the interior: 

^r(x):=^(x)-4. (78) 
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In a band /, variations of the equilibrium measure in I are free (may be of either sign). Thus, for .t e / 
we have the equihbrium condition 

^(x).... (79) 

For each band / we may introduce two positive functions having analytic extensions from the interior: 

:= Mliii(^) and ^j{x) := -p°ix) - ^tklL{x) . (80) 
dx c dx 

If r is a saturated region, then variations of the equilibrium measure in F are strictly negative, and for 
X GT we have the strict variational inequality 

f(x)<4, (81) 

It follows that for each saturated region F we may introduce a positive function having an analytic extension 
from the interior: 

er(x) :=4-^(x). (82) 

r 

In addition to the functions (x) and ^r{x) that extend analytically from each gap F, and the functions 

l\[x), 'ipilx)^ and that extend analytically from each band /, we may define for each band cndpoint 

a function analytic in a neighborhood of this point. If z = a is a left band edge separating a void F (for real 
z < a) from a band / (for real z > a), then according to the generic assumption (64) in § 2.1.2, the function 
defined by 

/ (■z \ 2/3 

T^'^iz) := hnNc J iji{x)dxj , r^'^iz) > for z > a , (83) 

extends to a neighborhood of z = a as an invertible conformal mapping. If z = /3 is a right band edge 
separating a void F (for real z > (3) from a band / (for real z < (3), then (64) implies that the function 
defined by 

/ i-z \ 2/3 

T^'^{z) := y-2TiNc j ^i{x)dxj , r^"^(z) > for z < /?, (84) 

extends to a neighborhood of z = /3 as an invertible conformal mapping. If z = a is a left band edge 
separating a saturated region F (for real z < a) from a band / (for real z > a), then according to the generic 
assumption (65) in § 2.1.2, the function defined by 

/ pz \ 2/3 

T^'^{z) -.^ hnNc J ^l!jix)dx] , r^'^(z) > for z > a, (85) 

extends to a neighborhood of z = a as an invertible conformal mapping. If z = /3 is a right band edge 
separating a saturated region F (for real z > j3) from a band / (for real z < (3), then (65) implies that the 
function defined by 



2/3 

Y'"'{z) ■■= ( -2TrNc I i^iix) dx ] , r^'^(z) > for z < /?, (86) 



extends to a neighborhood of z = /3 as an invertible conformal mapping. 

For later use it will be useful to define a real constant 6r corresponding to each gap. For each void F = F^ 
surrounded by bands Ij-i and Ij, wc define a constant by 

Or - := -27rc / ^^{x)dx. (87) 
dx 
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Similarly, for each saturated region T = Tj surrounded by bands Ij-i and Ij, we define a constant by 



27rc 



dx 



(x) 



dx . 



There is no difficulty using the same symbol 9r on the left-hand side of these two definitions, because a 
given gap T = Tj is either a void or a saturated region, but cannot be both. For the gaps F = (a, ao) and 
r = (/3g, b) that exist according to the genericity assumptions stated in § 2.1.2, it will also be useful to define 
associated constants 9r- Whether each of these gaps is a void or a saturated region, we define 



'(a,ao} 



-27rc, and 



0. 



(89) 



2.1.5 Dual equilibrium measures. 



According to (44), if Vn{x) is associated with the weights {wn.u} and if Vn{x) is associated with the dual 
weights {wN,n}, then we have the simple identity Vn{x) = —Vat (a;). This leads to the useful fact that 
knowing the equilibrium measure for one family of discrete orthogonal polynomials is equivalent to knowing 
the equilibrium measure for the dual discrete orthogonal polynomials. We have the following specific result. 

Proposition 2.6. Let £'c[/i; denote the energy functional (60) with external field 'fi{x) given in terms 

of analytic functions V(x) and p^{x) by (58), and let ic[V, p'^] denote the corresponding Lagrange multiplier. 
Let P{c,V, p^) denote the problem of finding the measure p on {a,b) minimizing Ec[p;V, p'^], subject to the 
conditions (61) and ( 62). If for all c e (0,1), P^^y^^ is the solution of the problem P{c, V, p^), then the measure 
P'min density 



1 



dx ^ ' 1 

is the solution of the problem P{\ — c, —V, p'^). Also 



pO(^)_c^^(x) 
dx 



5Ei-,[p;-V,p''] 



Sfj, 



SE,[p;V,p°] 



Sp 



e,^,[-v,p'^]^-e,[v,p°]. 



(90) 



(91) 



Proof. Clearly, the measure with density (90) satisfies both conditions (61) and (62). A direct calculation 
then shows that Ei^^iP-i p*^], when considered as a functional of p by the relation 



dp 

dx 



is linearly related to the functional Ec[p; V, 

E,^,[p; -V, p°] = -^E,[p; V, pO] - y{x)p\x) 
1 - c 1 - c 

Since c and 1 — c are both positive, we obtain (90). The proof of (91) is similar. 



dx . 



(92) 

(93) 
□ 



2.2 Elements of hyperelliptic function theory. 

Let the analytic function R{z) be defined for z e C \ Uj/j to satisfy 

G 

i?(z)2 = J|(z-aj)(z-/3^), and R{z) 



z^^^ as z — > oo . 



(94) 
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and for z in the same domain define 



h'{z) 



r,'{x)R+ix) 



2mR{z) J^j.j. X- z 



dx 



R{z) 



G-l 



KZ^ + J2 frr 



771—0 



(95) 



where -R+(x) denotes the boundary value taken by R{z) from the upper half-plane, and where the constants 
/m, TO = 0, . . . , G — 1, are chosen (uniquely, see Appendix A) so that 



(96) 



h'{z)dz^O, for j = 1,...,G. 
Then, we define a function for z G C \ (— oo, /3g] by the integral 



h{z) := Klog(z) + 



ds 



where the path of integration lies in C \ (— oo, Pg]. Furthermore, we define a constant 7 by 



(97) 



(98) 



The combination N£c + 7 plays an important role in what follows. Since 7 remains bounded as N ^ 00, we 
may interpret 7 as a higher-order correction to the scaled Robin constant Nic- 

It may be verified that for z Cz Tj, the difference of boundary values taken by h{z) depends on j but is 
independent of z. Thus there are constants Cj, j = 1, . . . ,G, such that 



/i_l_(z) — h^{z) :— lmih{z + ie) — h{z — ie) = icj , for z € Fj 

ei,0 



(99) 



Moreover, it can be checked directly that the constants Cj are real and linear in n so that we may write 



(0) , 



(100) 



for some other real constants cf^ and lUj that are independent of k. We define a vector r with components 



(0) 



(101) 



,G. 



for J = 1, . . . , G, and a vector il with components loj for j = 1, . 

The function iR^{z) may be analytically continued from any band / to the complex plane with the 
semi-infinite intervals (— oo,q;o] and [Pg^oo) and the closures of the gaps Fi, . . . , Fq deleted. We call this 
analytic continuation y(z), and for z in this domain of definition, we introduce a vector function m(z) having 
components mp{z) := z^^^ /y{z) for p = 1, 2, . . . , G. Next, a constant GxG matrix A = (a^^-* , a^^\ . . . , a''-'-') 
is defined by insisting that the linear equations 



m_(z) dz = Trie^-'^ , for = 1, 



,G, 



(102) 



are satisfied where m_(z) denotes the boundary value taken on the real axis from the lower half-plane, and 
where e^^-* is column j of the GxG identity matrix. This determines vectors b^^' by the definition 



b^-'") := -2A J2 



m(z) dz , 



(103) 



I 0771-1 
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and we obtain a second GxG constant matrix from these column vectors by setting B := (b*^^), b*^^^ , ■ • ■ , b*^*^^). 
A vector k may now be defined by the formula 



^e(^) + if]b(^), Godd, 



k := <^ 



j odd 



G 



(104) 



^ e(^) + i5:b«, G 



J even 



The matrix B is real, symmetric, and negative definite, so we may use it to define a Riemann theta function 
for w £ C*^ by the Fourier series 



0(w) := ^ne" ^ , with Fourier coefficients t„ := exp f in-^Bn j . 
Next, for z e C \ M, set 

w(z) / Am(s) ds 

where the path of integration lies in the half-plane 3(s) = '^{z) but is otherwise arbitrary. As special cases 
we set 

w+(oo) :~ lim w(z) and w_(oo) := lim w(z) . (107) 



(105) 



(106) 



z — >oo 
i(z)>0 



z — ^oo 

J(2)<0 



Let A(z) be defined in the same domain as y{z) by 

G 



K^f = n 



J=0 



and A(z) — > 1 as z — > oo with 3(z) > . 



In terms of \{z) we define two functions in the same domain by setting 



u{z) 



A(z) 



1 



A(;^) 



and v{z) 



1 

2i 



\{z) 



\{z) 



(108) 



(109) 



The polynomial equation 

G G 

\{{x~a,)^\{{x-P,) = Q (110) 

j=o i=0 

of degree G has exactly one root x = Xj in each gap Tj for j = 1, . . . , G. Denoting the boundary values 
of w(2;) taken on the real axis from the upper and lower half-planes by W-|_(z) and w_(z) respectively, we 
define two vectors by setting 



G G 

q„ ^ w_(.Tj) + k and q„ ^ w+(a;j) + k . 



(111) 



In terms of these ingredients we may now define two functions that turn out to extend analytically to 
the domain C \ (— oo, Pa]: 



W{z) := 



u(z)c^'^^ Q(w+(oo)-q«) e{w{z) -qu-ir + iKn) 

Q{w+{oo) - qu - ir + infl) Q{w{z) - qu) 



~v{z)e 



h(z) 



9(w_(oo) — Qu) 6(w(z) — q.i, + zr — inil) 



8(w_(oo) — q^, + ir — ik^) 



Qt-) 



!3(z) > 0, 



3(z) < 0, 



(112) 
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and 



Z{z) := 



V-fefz) 9(w_(oo)-q„) 9(w(z) -q„ +iir-zKn) c^^^w n 



,,,(„^^-h(z) e(w+(oo)-q„) 9(w(z) -q„ -zr + 2Kr?) c./^w n 



(113) 



w(z) - q„ 
±, 



Finally, for any gap T we may define two corresponding functions i?p (z) in terms of W{z) and 2^(z) 



V2 



(114) 



2.3 Results on asymptotics of discrete orthogonal polynomials. 

Subject to the basic assumptions described in § 1.1 and the simplifying assumptions described in § 2.1.2, we 
have the following results, the proofs of which will be given in § 6. 

Theorem 2.7 (Outer asymptotics of TrN^k{z)). Let K be a closed set with K D [a,b] = 0. Then there 
exists a constant Ck > such that 



(115) 



where the estimate 



sup |eAr(2)| < ^ 



(116) 



holds for sufficiently large N , and W{z) defined by (112) is a function that is nonvanishing and uniformly 
bounded in K independently of N . Furthermore the product e'^^'''^^^W{z) is analytic for z G C \ [a, 6]. 

Theorem 2.8 (Asymptotics of leading coefficients and recurrence coefficients). If there is only a 
single band of unconstrained support of the equilibrium measure in [a, 6], with endpoints ao < /3o, then 



lN,k-l 

bN.k-1 



(3o - ao 



-(1) 

'-N I 1 



4 

/?o - ao 



-(2; 

'-N I ' 



1 + e 



(3) 
N I ' 



(117) 

(118) 
(119) 



(3n + ao (4) 
dN.k — H e 



N ' 



(120) 



where there is a constant C > such that the estimates jej^"''! < C/N, m = 1,2,3,4, all hold for sufficiently 
large N . More generally, if for some G > there are G + 1 disjoint bands with endpoints oq < Pq < ai < 
Pi < ■ ■ ■ < ac < Pg, then 



lN,k 



45^^0+7 e(w_(oo) -q„ +ir-i;Kr2)e(w+(oo) -q„) / (i; 
c 9(w+(oo) — q„ + ir — iKr2)9(w_(oo) — qi,) V ^ 



(121) 



= Wfe+7 



lN,k-l 



9(w+(oo) - q^ - ir + iKn)e(w_(oo) - q^,) / ^ ^(2)^ 
8(w_ (oo) — qi, — ir + iKJ7)0(w+(oo) — qi,) V n i ^ 



(122) 
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e(w_(oo) - q^,) 
e(w+(cx)) - q„) 



aN,k 



/6(w+(oo) — q-i, — ir + iKr2)9(w+(oo) — q-i, + ir — iKJl) / (3) 
y 8(w_(oo) — qt, — ir + zKr2)8(w_(cx)) — qu + ir — mJl) V ^ 

ia^*^) • Ve(w+(oo) + q^, - ir + inVt) isS^^ ■ Ve(w+(oo) + q^,) 
6(w+(oo) + q^, — ir + iKJl) 6(w+(c>3) + q^,) 

ia^^) • Ve(w+(oo) - q^, + ir - ihiU) ia^'^' • Ve(w+(oo) - q„) 



0(w+(oo) — qt, + ir — ikQ,) 



e(w+(oo) - q^,) 



2 G 

J=0 



(4) 
AT 



(123) 



(124) 



where a^*^-* • VO denotes the directional derivative ofQ[-) in the direction of aS^^ in , and where there is 
a constant C > such that the estimates |e^"''| < C/N, m = 1,2,3,4, all hold for sufficiently large N. 

For an interval J C [a, 6] and any 5 > define the compact set 



Kj := y {2 e C such that \z - w\ < 6} . 



(125) 



w£j 



Theorem 2.9 (Asymptotics of TrN_k{z) in voids). Let J C [a,b] be a closed interval, and let T be a 
void. If T = {a, OH)), then assume that J <Z [a,a^). IfT = (fjc^b), then assume that J C (/3g,6]. Finally, if 



r, 



{Pj-i,aj) for some j 



1, 



,G, then assume that J C F. There is a positive S and a constant 



Cj > such that for z £ Kj defined by (125) we have 



where the estimate 



7riv,fc(^) = e'^^'^") [Aj{z)+eN{z)\ 



C"5 

sup \eN{z)\ < 



(126) 



(127) 



holds for sufficiently large N , and 

A^{z) := e^(^=(^)-^^(^»ty(z) (128) 

with W{z) given by (112) is a function that is real-analytic and uniformly bounded in K^j independently of 
N . IfT is adjacent to either endpoint, z = a or z = b, then A'^ {z) does not vanish in Kj. Otherwise, A^iz) 
has at most one (real) zero in Kj. 

The possible lone zero of Ap (z) in the void F is analogous to a spurious zero of approximation theory. The 
motion of a spurious zero through an interior gap F as parameters (like the degree k) are varied corresponds to 
the spontaneous emission of a zero from one band and its subsequent capture by an adjacent band separated 
by a void. At most one zero can be in transit in F for each choice of parameters. 

For z in the domain of analyticity of p^{z), we set 



3°{z) :=27r / p°(s)ds. 



(129) 
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Theorem 2.10 (Asymptotics of 7:N,k{z) in saturated regions). Let J C F C [a, 6] he a closed interval 



SMc/i t/iai for z G iiT^ defined by (125) we /laue 



7r^,.(z) = e^^^W 



{A^{z) + eN{z)) 



cos 



/ iV6l"(z) 



- 5n{,z) 



where the estimates 



sup |eAr(z)| < -f 



sup |(5jv(z)| < D^je-^^' 



hold for sufficiently large N , and 



(130) 



(131) 



(132) 



with W{z) given by (112) is a function that is real-analytic and uniformly bounded in K^j independently of 
N . IfT is adjacent to either endpoint, z = a or z ~ b, then A^{z) does not vanish in K^j. Otherwise, A^{z) 
has at most one (real) zero in Kj. 

When a saturated region meets an endpoint of [a, 6], we say that there is a hard edge at that endpoint. 
This terminology is borrowed from random matrix theory, where it refers to an ensemble of matrices all of 
which share a certain common bound on their spectra. For example, random Wishart matrices of the form 
W = X"^X for some real matrix X necessarily have nonnegative spectra, and for certain types of matrices 
X the asymptotic density of eigenvalues z of W can have a jump discontinuity at z = 0, being identically 
zero for z < and strictly positive for z > however small. Thus z = is a hard edge for the spectrum 
in Wishart random matrix ensembles. We will see in § 3 that the density of the scaled equilibrium measure 
/^min/c plays the same role in certain discrete random processes as the asymptotic density of eigenvalues 
plays in random matrix theory. Since the upper constraint always corresponds to a strictly positive density, 
and since the support of the equilibrium measure is a subset of [a, 6], an active upper constraint at either 
z = a or z = 6 implies a jump discontinuity in the density of the equilibrium measure at the corresponding 
endpoint, which explains our terminology. 

Theorem 2.11 (Asymptotics of 7rjv_fc(z) near hard edges). Suppose either that T = (a, ao) is a saturated 
region and J — [a, t] for some t G F, or that F = {Pg, b) is a saturated region and J ~ [t, b] for some t G T. 
Set 

N I p°is)ds, if a e J 



c 



(133) 



N / p°(s)ds. 



ifbeJ. 



There is a positive 6 and there are constants Cj > 0, Dj > 0, and Ej > such that for z G Kj defined by 



(125) we have 



^^,,(z)=e^<(-)C-« 



A^{z) + eN{z) 



F(l/2 + C)cos(7rC) 
27re-C 



where Sn{z) and (^''Sn{z) extend from C > as functions analytic in Kj such that the estimates 



sup |eAr(z)| < 



and sup |^Ar(z)| < DjC' 

zf£K^, 



hold for sufficiently large N , and where 

i^(z) := 2e^(^=W-^^(^))e-^^"'^g"(^('^»';VF(z) 



(134) 



(135) 



(136) 
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with W{z) given by (112) is a function that is real- analytic, nonvanishing, and uniformly bounded in Kj 
indpendently of N . Finally, note that e^^= extends from C > as an analytic function in Kj, and 
that 6n{z) represents exactly the same function as in Theorem 2.10. 

< Remark: The fact that the asymptotic formulae presented in Theorem 2.11 are in terms of the Euler 
gamma function is directly related to the discrete nature of the weights. In a sense, the poles of the functions 
r(l/2 + Q are "shadows" of the poles of the matrix 'P{z] N, k) solving Interpolation Problem 1.2. > 

Theorem 2.12 (Exponential confinement of zeros in saturated regions). Let J C [a, 6] be a closed 
interval, and let T be a saturated region. If T = (a,Q;o), then assume that J C [a,Q;o). If T = {PQ,b), then 
assume that J C (/3gj b]- Finally, if V = Tj = {Pj-i, aj) for some j = 1, . . . , G, then assume that J C F. 
There are positive constants Dj, Ej, and Nq such that for every node XN,n G D J there exists a zero zq 
of the monic discrete orthogonal polynomial HN.kiz) with 

\zo- XN,n\<Dje^'^^-' , whenever N > No . (137) 

Moreover: 

1. IfT — (a,ao),so that min J > a, then for each node a;jv,n G J H there is a zero zq of 'nN,k{z) such 
that 

XN,n < Zq < XN.n + Dje~^^' , whenever N > A'o , (138) 
and for each zero zq € J o/7rjv,fc(2), there is a node xjv,n € Xn such that (138) holds. 

2. IfV = {Pgi b), so that max J < b, then for each node XN,n J D Xn there is a zero zq of 'KN_k{z) such 
that 

XN.n — Dje^^^' < zo < XN,n , whcncvcr N > Nq , (139) 
and for each zero zq G J of-KN,k{z), there is a node XN,n S Xn such that (139) holds. 

3. IfV — Tj ~ iPj-i, cxj) for some j = 1, . . . ,G, then exactly one of the following two mutually exclusive 
possibilities holds: 

(a) There is a node x^v.™ G F n Xpf .such that 'i^N,k{xN,m) = 0- Por each node Xpf,n G J H X^ 
with XN,n > XN,m there is a zero zq of 'KN,k{z) such that (138) holds, and for each zero zq Cz J 
of T^N,k{z) with Zq > XN,m there is a node XN,n G X^ such that (138) holds. For each node 
XN,n G JHXn with XN,n < XN.m there is a zero zq of HN.kiz) such that (139) holds, and for each 
zero Zq (z J of i:N,k{z) with zq < XN,m there is a node xn.u G Xn such that (139) holds. 

(b) There is a consecutive pair of nodes XN,m G F n X^ and a;jv,m+i G F H X^ such that 

• For each node XM,n € J D Xn with xn.u > XN_m+i there is a zero zq of 'KN,k{z) such that 
(138) holds, and for each zero zq G J ofTrN,k{z) with zq > XN,m+i there is a node XN,n G Xn 
such that (138) holds. 

• For each node xn.v, G JHXn with XN,n < XN.m there is a zero Zq of-KN^kiz) such that (139) 
holds, and for each zero zq £ J of 'KN,k{z) with Zq < XN,m there is a node XN,n G Xn such 
that (139) holds. 

• There is at most one zero zq ofirN.kiz) in the closed interval [xN,rm XN.m+i], o-nd if it exists 

then Zo G {xN,m,XN,m+l). 

Note that in case 3(b), if there is a zero zq of i^N.kiz) with XN,m < zq < .Tjv.m+i there need not be 
any node xn^u G Xn such that (137) holds. This particular zero, and only this one, is not necessarily 
exponentially close to any node. 

We refer to the node XN,m in 3(a) and also to the interval [x n ,rm x n .m+i] in 3(b), both of which serve 
to separate the two directions of perturbation of the zeros of iiN.kiz) from the nodes, as defects, and to 
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Figure 1: First line: the pattern of zeros of HN.kiz) (blue dots) and nodes (vertical segments) in a saturated 
region adjacent to the left endpoint z = a. Second line: same as above, but for a saturated region adjacent to 
the right endpoint z = b. Third line: a pattern of zeros and nodes in a saturated region between two bands; 
there is a single defect (circled) corresponding to a zero of iTN^kiz) occurring exactly at a node. Fourth line: 
a pattern as above in which the defect (circled) is an interval [xisi,m, XM.m+i] that does not carry any spurious 
zero. Fifth line: same as above, but a case in which the defect (circled) carries a spurious zero (distinguished 
by red shading). 

the zero possibly carried by the defect in 3(b) as a spurious zero. The remaining zeros correspond in a 
one-to-one fashion with the nodes; we refer to them as Hurwitz zeros by analogy with the approximation 
theory literature. See Figure 1. 

< Remark: It should perhaps be stressed that there is nothing in principle that prevents a zero of 
T^N.kiz) from coinciding exactly with one of the nodes XN,n G Xm. Indeed, this is the case in 3(a) above. 
However, Theorem 2.12 shows that in saturated regions adjacent to endpoints z = a or 2 = 6 all zeros 
become asymptotically distinct from (yet paradoxically converge rapidly to) nodes as oo. In saturated 
regions lying between two bands it is asymptotically only possible for a single zero to coincide exactly with 
a node. > 

The precise location of a defect within a saturated region depends on all the parameters of the problem, 
and in some circumstances it may make sense for a parameter, say appearing in the function V{x) defined 
in (12), to be continuously varied. This is interesting because it can imply corresponding dynamics of the 
defects and any spurious zeros they may carry. If continuous deformation of a parameter leads to that of 
the phase vector r — kQ, then the defect will move continuously through the saturated region F as well. 

How does a defect move? If there is no spurious zero, then a defect [xN,m,XN,m+i] can move to the 
right to become a defect [xN,m+i, XN,m+2] as the zero of 'KN,k(,z) just to the right of the node XN,m+i moves 
continuously to the left through the node. Then the same process then occurs near the node XN^rn+2 and so 
on. Thus a defect without a spurious zero moves to the right by a process in which Hurwitz zeros move to the 
left an exponentially small amount, passing through the corresponding nodes, one after the other. During 
the continuous motion of a defect without a spurious zero the situation described in 3(a) above occurs only 
at isolated values of the deformation parameter on which the phase vector r — kD, continuously depends. See 
the left diagram in Figure 2. 

If the defect [a; at.™, XN,m+i\ contains a spurious zero, then the motion of the defect to the right occurs by 
a change-of- identity process in which the spurious zero moves to the right through the defect toward XM,m+i, 
and when it is exponentially close to XM,m+i it becomes a Hurwitz zero and the previously Hurwitz zero just 
to the right of .Tjv.m.+i becomes a spurious zero belonging to the new defect [xN,m+i, XN.m+2\- Thus a defect 
carrying a spurious zero moves to the right by a process in which zeros move to the right by an amount 
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proportional to one after the other. During the continuous motion of a defect containing a spurious 
zero the situation described in 3(a) above never occurs at all. See the right diagram in Figure 2. 




Figure 2: Left: the motion of a defect (circled) that does not carry any spurious zero. Right: the motion of 
a defect (circled) carrying a spurious zero, which exchanges its identity with a Hurwitz zero in each step. 

In fact, a defect carrying a spurious zero that reaches an endpoint of T under deformation will generally 
be reflected back into F as a defect without a spurious zero. Thus as parameters are deformed, a defect may 
oscillate back and forth within a saturated region acting like a conveyor belt, carrying a spurious zero from 
one band to the next, and returning empty to pick up the next zero. 

Theorem 2.13 (Asymptotics of TTN,k{z) in bands). Let J be a closed interval and let I = {aj,(3j) be 
a band. Assume that J (Z L . There is a positive 6 and a constant Cj > such that for z G A'j defined by 
(125) we have 



Ai{z) cos ^i{z) + 7V7rc/7^„i„([x, b]) - Nt:c / V/(s) ds + ei{z) 



(140) 



where x is any point (or endpoint) of I, and ej{z) satisfies the estimate 

C 



snp \ei{z)\ < ^ . (141) 



Here, Ai{z) and ^i{z) are real-analytic functions of z that are uniformly bounded independently of N in 
Kj. Moreover Ai{z) is strictly positive for real z. For real z, the identity 

W+{z) = iA,(z)e**^(^) (142) 

holds, where W{z) is defined by (112) and W+{z) indicates the boundary value taken from the upper half- 
plane. This relation serves as a definition of the analytic functions Ai{z) and $/(z). 

Theorem 2.14 (Asymptotic description of zeros of tt^t ^(z) in bands). Let J be a closed interval and 
let I = (aj.Pj) be a band. Assume that J <Z I . Then, the zeros of T:M,k{z) in J correspond in a one-to-one 
fashion with those of the model function 

C I {z):^ COS. i{z) + N T:c^il,A[x, b]) - N -Kc il}i{s)ds^ , (143) 

where $/(z) is as in the statement of Theorem 2.13 above, and x is any point (or endpoint) of L . Moreover, 
there exists a constant D'^j > such that if N is sufficiently large, each pair of corresponding zeros zq of 
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'^N,k{z) and zq of Ci{z) in J satisfies the estimate 

D 



zo-~zo\<^- (144) 



Before we state the next results, we point out that the function (z) defined for each band / = (a, (3) 
(see (76)) may be considered to be analytic in a complex neighborhood of the closed interval [a,/3]. In 
particular, L^c{z) is analytic in a neighborhood of each cndpoint of the band. The analytic continuation to 
a neighborhood C/„ of z = a is accomplished by the identity 



L[{z)^Ll{z) + ^{-r^^\z) 
if the adjacent gap F is a void, and by the identity 



l[{z)^L%) 



2N 



A,L 



3/2 



3/2 



for z&Ua with 3(z) ^ , 



for z&Ua with 3(z) ^ , 



(145) 



(146) 



if the adjacent gap F is a saturated region. Similarly, the analytic continuation to a neighborhood Up of 
z = /3 is accomplished by the identity 



-Tp (z) 



if the adjacent gap F is a void, and by the identity 



lUz) = lI{z)-^ 
if the adjacent gap F is a saturated region. 



A.R 



3/2 



3/2 



for z eUp with 3(z) ^ , 



for z e Up with 5(z) ^ , 



(147) 



(148) 



Theorem 2.15 (Asymptotics of iiN.k{z) near band/void edges). Let z ~ a be the left endpoint of a 
band I , and suppose that a void F lies immediately to the left of z ~ a. There exist constants r > and 
C > such that when \z ^ a\ < r, 



T^N,k{z) 



(a^-^(z)+£^(z)) At 



2/3 



iz) 



+ A^-Ve ^B^-^^,)+eB{z)) (- ^^'^\^'^iz) 



(149) 



where the estimates 



sup I 

1^: — a| <r 



(z)\ < 



C_ 

N 



and sup |eB(z)| < 

\z~a\<r 



c_ 

N 



(150) 



both hold for all N sufficiently large, and where the leading coefficient functions defined by 

1/6 . . , _ . . 1/4 



A 



V.L 



(z) (^^^ ^/2^e(''(^)-^)/2i/p(z)•iV-l/«(-r7•^(z))' 



B^^'iz) 



-1/6 



(151) 



2^e("(^)-^)/2iJ+(z)-iVi/6 



V.L, 



-T^ '^(z) 



-1/4 
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both are real- analytic functions for \z — a\ < r that remain uniformly bounded in this disc as N — *■ oo. 
Furthermore, we may also write 



„ I ^\ „NL^(z) 



N^I'^A^'^{a)Ai 



2/3 



r^-\z)\+5{z) 



where the estimate 



C 

sup \5{z)\ < 



(152) 



(153) 



holds for all sufficiently large N . 

Let z = (3 be the right endpoint of a band I , and suppose that a void T lies immediately to the right of 
z = (3. There exist constants r > and C > such that when \z — I3\ < r, 



(^^'«(z) + £^(z)) Ai 



2/3 



(154) 



where the estimates 



C C 
sup \eA{z)\ < — and sup |es(2:)| < — 



\z-l3\<r 



N 



\z-P\<r 



N 



(155) 



both hold for all N sufficiently large, and where the leading coefficient functions defined by 

1/6 . _ _ . 1/4 



(z) := (^0 V2^e(''(^)-^)/2i/+(z).7V-i/6(-rr^-^(z))' 



5r'» ■■=-{-, 



-1/6 



(156) 



27re 



)-^)/2i7j:(z).iVi/6 (-Tr^'^(z)) 



-1/4 



both are real-analytic functions for \z — f3\ < r that remain uniformly bounded in this disc as N oo. 
Furthermore, we may also write 



N^f^A^^'^xm^ (- 



2/3 



Tp (z) 



5{z) 



where the estimate 



(J 

sup \8{z)\ < — ^ 



(157) 



(158) 



holds for all sufficiently large N . 



Note that these asymptotic formulae are similar in nature to the corresponding asymptotic formulae 
found in [DeiKMVZ99b] for polynomials orthogonal with respect to analytic weights on the whole real line. 
On the other hand, there is no analogue of a saturated region for continuous weights. The asymptotic band 
edge behavior between a band / and a saturated region F involves the Airy function Bi{-) as well as Ai[-) 
and is the subject of the next theorem. 

Theorem 2.16 (Asymptotics of TTN.k{z) near band/saturated region edges). Let z = a be the left 
endpoint of a band I, and suppose that a saturated region T lies immediately to the left of z = a. There exist 
constants r > and C > such that when \z — a\ < r, 



ttnAz) - e^^'^(^^ (a^'^(z) + SAiz)) F^{z) + N-''^ (sP'^iz) + eB{z)) F^{z) 



(159) 
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with 



o\ 2/3 
•J \ A,L 



Tp ' (z) — sin 



iin 



F^{z) := cos 



Tp ' (z) — sin 



V 2 

fNe°{z) 



Ai 



M' - 



o\ 2/3 
-J \ A.L 



Tp ' (z) 



2/3 



(160) 



where the estimates 



C 

sup |eyi(z)| < — and sup |eB(z)| < 



z — a\<r 



N 



\z — a\<.r 



c_ 

N 



both hold for all N sufficiently large, and where the leading coefficient functions defined by 



-1/6 



-1/4 



(161) 



(162) 



both are real- analytic functions for \z — a\ < r that remain uniformly bounded in this disc as N — > oo. 
Furthermore, we may also write 



where the estimate 



sup < 



C 

iVl/6 



(163) 
(164) 



|z-Q|<rAr-2/3 

holds for all sufficiently large N . 

Let z = (3 be the right endpoint of a band I , and suppose that a saturated region T lies immediately to the 
right of z = fi. There exist constants ?' > and C > such that when \z ~ f3\ < r, 



^nA^) = e^^^(^) [n'/' {aP%) + SAiz)) F^{z) + N-'/' [bP^%) + ssiz)) F§{z) 



(165) 



with 



F^{z) := cos 



^ A^6>°(z) 



ON 2/3 



Bi\-[-] rp-'"(z))+sin 



7V6'"(z) 



ON 2/3 

■J \ A,_R/ 



F§{z) := cos 



where the estimates 



^ N6"{z) 



Bi' 



ON 2/3 
-J \ AM 



Tp ' (z) + sin 



. fNe°{z) 



Ai' 



c c 

sup \eAiz)\ < — and sup |£s(z)| < — 



z-/3j<r 



N 



\z-l3\<r 



N 



ON 2/3 
•J \ A,_R 



Tp ' (z) 



both hold for all N sufficiently large, and where the leading coefficient functions defined by 



Ap^'^(z) 



I j V2^e(''(^)-^)/2i7p (z) • {-T^ ^'iz)) 



1/4 



-1/6 



2^e(r;W-7)/2^+(^) . ^1/6 



-1/4 



(166) 
(167) 



(168) 
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both are real-analytic functions for \z — f3\ < r that remain uniformly bounded in this disc as N ^ oo. 
Furthermore, we may also write 



where the estimate 



sup 

-/3|<rAr-2/3 



(169) 
(170) 



holds for all sufficiently large N . 



With the proper choice of the closed set K in Theorem 2.7, we see that the whole complex z-planc has 
been covered with overlapping closed sets, in each of which there is an associated asymptotic formula for 
T^N.k{z) with rigorous error bounds. 



2.4 Equilibrium measures for classical discrete orthogonal polynomials. 

Since the asymptotic behavior of the discrete orthogonal polynomials is determined by the equilibrium mea- 
sure ^J-'^■^^ corresponding to the functions p^{x), V{x), the interval [a, b], and the constant c, it will be useful to 
demonstrate that the results stated in § 2.3 can be made effective by a concrete calculation of the equilibrium 
measure. We consider below two classical cases. The equilibrium measure for the Krawtchouk polynomials 
was obtained by Dragnev and Saff in [DraSOO] . The equilibrium measure for the Hahn polynomials has not 
appeared in the literature before (to our knowledge) and we present it below as well. 



2.4.1 The Krawtchouk polynomials. 

The Krawtchouk polynomials [AbrS65] arc orthogonal on a finite set of equally spaced nodes in the interval 
(0,1): 

XAr,„:=^^^ for n = 0, 1, 2, . . . , TV - 1 . (171) 

The analytic probability density on (0, 1) is then given simply by p'^{x) = 1. The corresponding weights are 
given by 

w^,^ (P^l)--^Nf^[ „ )P1 (172) 

where p and q are positive parameters. The first factor that depends only on N, p, and q, is not present in 
the classical formula [AbrS65] for the weights; wc include it for convenience since the lattice spacing for our 
nodes is 1/N rather than being fixed. In any case, since 

n (^N,n - XN,rn) = ^ uliN - 1 - Jl)! , (173) 

m=0 
rn^n 

the weights may also be written in the form 

N-l 

WnT{P, q) = e-^^"""'^-"-'') n \xN,n - XN,n\-' (174) 

where 

'''^(x; I) := Ix with I := log - . (175) 

P 

Note that in this case the function V^^^'"{x] I) is coincidentally independent of iV, so that V^^''^*(.t; I) = Ix 
and ri^'-'^'"{x; I) = 0. These weights are therefore of the required form (c/. (11)) for our analysis. Since for the 
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dual family of discrete orthogonal polynomials we should simply take the opposite sign of the function Vn{x), 
we see that the polynomials dual to the Krawtchouk polynomials with parameter I are again Krawtchouk 
polynomials with parameter — /. A number of different involutions of the primitive parameters p and q 
correspond to changing the sign of I. For example, one could have p ^ 1/p and q ^ l/q, or simply p ^ q. 
The latter involution is consistent with the typical assumption that Q < p < 1 and p -\- q = 1. 

For the typical case when < p < 1 and p + q ^ 1, the above self-duality of the Krawtchouk polynomials 
implies that it is sufhcient in fact to consider < p < 1/2. This fact was used in the paper [DraSOO], where 
the equilibrium measure was explicitly constructed for all p in this range, and for all c £ (0, 1). To summarize 
the results, it has been shown that there is a single band / C [0, 1], with endpoints a = a(p, c) < f3(ji, c) = /3 
for which there are explicit formulae. The behavior of the equilibrium measure in (0, 1) \ / depends on the 
relationship between c and p in the following way: 

• If < c < p: The intervals (0, a) and (/3, 1) are both voids. 

• If p < c < q: The interval (0, a) is a saturated region and the interval (/3, 1) is a void. 

• li q < c < 1: The intervals (0, a) and (/3, 1) are both saturated regions. 

This information supports our argument that the situation of having a constraint active at both endpoints 
of the interval is generic with respect to small perturbations of c. The borderline cases oi c = p and c = q 
are interesting also. In the paper [DraSOO] it is shown that 

a — > as c — > p and (3 1 as c ^ q , (176) 

and for c = p the density dfi'^^.^^/ dx of the equilibrium measure is equal to the average of the constraints at 
x = 0, while for c = q it is equal to the average of the constraints at a; = 1. These are thus both special 
cases of the general result stated in Proposition 2.2. 

There exists an integral representation for the Krawtchouk polynomials, and an exhaustive asymptotic 
analysis of the polynomials has been carried out using this formula and the classical method of steepest 
descent; sec [IsmS98]. Our formulae for the leading-order terms agree with those of [IsmS98] in the interior 
of all bands, voids, and saturated regions (the steepest descent analysis is carried out with z held fixed away 
from all band edges and from the endpoints of the interval of accumulation of the nodes). The relative error 
obtained in [IsmS98] is typically of the order 0{N~^/^), although it is stated that under some circumstances 
this can be improved to 0{N^^) in some voids and saturated regions. The relative error estimates associated 
with the asymptotic formulae presented in § 2.3 thus generally sharpen those of [IsmS98] in regions where 
the 0(7V-i/2) relative error bound is obtained. It should be noted that while integral representations like 
that analyzed in [IsmS98] are not available for more general (nonclassical) discrete orthogonal polynomials, 
the methods to be developed in § 4 and § 5 and that lead to the general theorems stated in § 2.3 apply in 
absence of any such representation. 



2.4.2 The Hahn and associated Hahn polynomials. 

Now we consider a semi-infinite lattice of equally-spaced nodes 



2n + 1 

XN,7i ■■= for n = 0, 1, 2, . . . , (177) 

and consider a corresponding three-parameter family of weights [AbrS65] 

iv^-i r{b)r{c + n)r{d + n) 
-.,n(6, c, d):=^- r(„Vi;r(5 + n)r(c)r(d) ' ^'''^ 

where b, c, and d are real parameters. The prefactor depending only on N is included as a convenient 
normalization factor that takes into account the fact that the lattice spacing in (177) is 1/A^. 

Although the measure corresponding to the weight function (178) is supported on an infinite set, there 
are always only a finite number of orthogonal polynomials. For example, if one takes the parameters 6, c, and 



35 



d to be positive, then Stirling's formula shows that the weight only decays for large n if a certain inequality 
is satisfied among 6, c, and d, and then it decays only algebraically, like with the power p depending on 
6, c, and d. Therefore for positive parameters the weight function (178) has only a finite number of finite 
moments, and consequently only a finite number of powers of n may be orthogonalized. 

We consider here a different way of arriving at a finite family of orthogonal polynomials starting from 
(178). If one takes a limit in the parameter space, letting the parameter c in (178) tend toward the negative 
integer 1 — A^, then one finds 



^""^^^-^V(-l)".y('^ + "j ifn.Z 



wj,Ab,l-N,d):^ \irn^wj,.Ab,c,d) = { ^(Ar) V « J ' " r(fe + n)r(d) ^ ^' ^^^g^ 

iin> N. 



The limiting weights are thus supported on Z^v rather than on an infinite lattice and according to (177) the 
N nodes xn^ < ■ ■ ■ < xn^n-i are equally spaced with spacing 1/N and xn^ = 1/(27V). Therefore the node 
density function is p^{x) = 1. Note that the weights WN,n{b, 1 — N,d) are not positive for all n G Zjv unless 
further conditions are placed on the rGmcLining tGclI pcircinictGrs b cind d. Insisting that wjsj^^ri {b,l~N,d) > 
for all n S Zjv identifies two disjoint regions in the (6, d)-plane. 

One of these regions is delineated by the inequalities d > and b < 2 — N . In this case, we refer to 
WN,n{b, 1 — N,d) as the Hahn weight and we call the corresponding polynomials the Hahn polynomials. Let P 
and Q be positive parameters. Setting d = P and b = 2 — N — Q hi the limiting formula for WN,nib, I — N,d), 
we arrive at a simple formula for the Hahn weights: 

'n + P-l\fN + Q-2-n'^ 



w^,r^ib,l-N,d) = w^':ll^{P,Q):=-^-^ forneZ^. (180) 

V Q-1 

Note that by taking P = Q = 1, the Hahn weights become independent of n, so in this special case the 
Hahn polynomials arc up to a factor the (discrete) Tchebychev polynomials; this same family of polynomials 
arises as a special case of the Krawtchouk polynomials with p ~ q = 1/2. 

The other region of the (6, (i)-plane for which the weights WN,n{b, 1 — N,d) are positive for all n g Z^r is 
dehneated by the inequahties & > and d <2 — N. In this case, we refer to wjy^nib, l~N,d) as the associated 
Hahn weight and we call the corresponding polynomials the associated Hahn polynomials. Again, let P and 
Q be positive parameters. Setting d = 2 — N — Q and 6 = P in the limiting formula for wi\[^n(b, 1 — N^d), 
the associated Hahn weights are 

w.Ab, l-N.d)^ <r(P, - ^ • rin^,^r!p7nnN''^ ' " ^ ' 

(181) 

Note that 

for all n e Zjv, and all P > and Q > 0. This means that the associated Hahn polynomials are dual to the 
Hahn polynomials (c/. the general definition (44) of dual weights in § 1.5.2). 
Writing the Hahn weights (180) in the form (11), we have 

,H.i,„,. r(P)r(« + Q-i) 



The interesting case is when P and Q arc large. We therefore set P = NA + 1 and Q = NB + 1 for A and 
B fixed positive parameters, and from Stirling's formula, we then have 

Hahiw A T3\ 

y^"^"(x; NA + 1, TVS + 1) = F""h„(^. ^) ^ 1 ' ' (184) 
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where 



V^'^'^'^ix; A, B) A\og{A) + {B + l) log(B + l)-{A + x) \og{A + x)-{B + l-x) \og{B + 1 - .t) (185) 
and 

a, B) := \ log + ^ (^) " ^^^^^ 

The convergence is uniform for x in compact subsets of C \ ((— oo, —A) U (-B + 1, +oo)). 

<i Remark: The fact that the leading term in rj^^'^^{x\ A, B) is independent of x can be traced back to 
the particular choice of the order one terms in P and Q that we have made. Other choices consistent with 
the same leading-order scaling (say, simply taking P = NA and Q = NB) introduce genuine analytic x 
dependence into the leading term of the correction ?7^'''™(a;; A^B). > 

For the associated Hahn weight (181), the case of P = NA + 1 and Q = NB + 1 is also of interest. By 
duality, 

V^"''°'^(a;; AN + 1,BN +1) = --V^^^^ix; AN + 1,BN+1), (187) 
and therefore we also have y^''^°'^(a;; A, B) = —yHahnj-^. ^j^g level of the leading term as A'' — ^ oo. 

According to Proposition 2.6, if the equilibrium measure corresponding to the function ^^^'^"(a;; A, B) and 
the node density function p^{z) is known for all values of the parameter c, then that corresponding to the 
function V^''''°''[x] A, B) (and the same node density function) is also known for all values of the parameter 
c, essentially by means of the involution c <-> 1 — c. 

We have computed the equilibrium measure corresponding to V^^^^{x] A, B) and p^{x) = 1 for a; e (0, 1). 
To describe it, we first define two positive constants ca and cb by 



-{A + B) + J{A + B)^+4A 
CA := ^ , 

(188) 

-{A + B) + y/lA + WTlB 

Cb := • 

2 

It is direct to check that < ca, cs < 1 for A,B>Q, and ca < cb it < A < B . Now let us assume that 
A < B (see the remark below). Then ca < cb, and we consider the three distinct possibilities: c € (0, ca), 
c e {ca, Cb), or c € {cb, !)• It turns out that in each of these cases, there is one band interval, denoted by 
(a,/3) C (0, 1), on both sides of which are either saturated regions or voids. 

• For c G (0, ca), the interval {a, (3) is the band, and the intervals (0, a) and (/3, 1) are voids. We refer 
to this configuration as void-band-void. 

• For c e {ca,cb), the interval {a, (3) is the band, (0, a) is a saturated region, and {(3,1) is a void. We 
refer to this configuration as saturated-band-void. 

• For c S (cb,1), the interval {a, (3) is the band, and the intervals (0, a) and {(3,1) are both saturated 
regions. We refer to this configuration as saturated-band-saturated. 

As in the Krawtchouk case, the critical values of c = ca or c = c^ are somewhat special because either a = 
or /3 = 1. 

<i Remark: For the case when A > B, we have cs < ca and the mid- regime for c becomes the interval 
{cb,ca)- For c G {cb,ca), the interval (a,/J) is the band, (0, a) is a void, and (/3, 1) is a saturated region, 
and we refer to this configuration as void-band-saturated. However, there is a symmetry in this problem: if 
one swaps A <^ B and x {1 — x), then the field (p{x) is changed only by a constant which can be absorbed 
into the Lagrange multiplier £c. Therefore it is sufficient to consider A < B. \> 

For all values of c, the band edge points a and /? are the two (real) solutions of the following quadratic 
equation in X: 

^2 ^A{A + B) + {A + B){B - A + 2)c+{B - A + 2)c^ ^ ^ f + {A + B)c - A^ ^ 



^ {a\b + 2c)^ -^^[ {a\b + 2c)^ ) (1^^) 
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It is straightforward to check that a, /? S [0, 1] for aU < c < 1 and A, B > 0, and the formulae for a and /3 
are 

{B-A + 2y + {A + B){B-A + 2)c + A{A + B) - 2^0 
" {A + B + 2cY (^^0) 

and 

^ _ {B-A + 2y + {A + B){B -A + 2)c + A{A + B) + 2Vd 

' {A + B + 2cy ' ^ ' 

where the discriminant is given by 

D := c(l - c){A + c){B + c){A + B + c){A + B + c + 1) . (192) 

Now we describe the density of the equiUbrium measure dji'^-^^/ dx, assuming (without loss of generality 
according to the remark above) that A < B. It is useful to introduce the following notation. Let the positive 
function T{x) be defined by 

T(x):=\^—^ for a<x<p, (193) 
\ X — a 

and define four positive constants by 



1+B-a , 1-a 

(194) 



A + f} 



Theorem 2.17. For the functions V{x) = V^'^^'^{x) and p'^{x) = I on x E [0,1] the solution of the 
variational problem o/ § 2.1 is given by the following formulae when the parameters satisfy A < B. Let 
the constants ca and cb be given by (188) and let a and (3 be defined by (190) and (191). // < c < 
(void-band-void) then for a < x < [3 , 

-^^(x) := — [arctan {k2T{x)) + arctan ihT{x)) - arctan {kiT{x)) - arctan {k4^T{x))] , (195) 

dx TTC 

and dfi'^-^^^-J dx = 0if0<x<aor(3<x<l. The corresponding Lagrange multiplier is given by 

4 := (/3 - a) { [log(/3 - a) - 1] if^^ - 2 ^og{2)K^%^ + 2K^'l^] + ^{f3) (196) 



where 



ki k2 




^4 


1 + ki l + k2 1 - 


f kz 


1 + fc4 ' 


fci k2 


ks 


ki 


1-kf l~kl 1 


- /r2 
^3 




log(l + /ci) log(l4 


-fc2) 


log(l + ks) 



^VBV ■ 

-^VBV "j l2 ^ 1 ^ 1 U + 1 TJ ' (197) 



^(3) 



and Lp{-) is the external field given in terms ofV{-) = V^^^™{-; A, B) and p*'(-) = 1 by (58). Lf ca < c < Cb 
(saturated-band-void) , then for a < x < [3, 

du'^ ■ 1 

-CHiliL(a;) := _ [arctan (^^(a;)) + arctan (kaTlx)) - arctan (kiT(x)) + arctan (kiT(x))] , (198) 

dx TTC 
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and dfi'^^^/dx = l/cifO<x<a and dfi'^^^/dx = if [3 < x < 1. The corresponding Lagrange multiplier is 
given by 

4 := (/3 - a) I flog(/3 ~ a) - 1] - 2 log(2)4'^V + 2AfRv I 

(199) 



whe 



(3) 



(/3-a){[log(/3-«)-l]AfBV 


-21og(2)if(|V + 2AfBV 


+ ^(/3) + 2(/3-a)log(/3- 


a) + 2a-2/?log(/?), 


_ fci fc2 fcs 


fc4 


1 + fci 1 + fca 1 + fcs 


l + fc4 ' 


fci fc2 fcs 


fc4 


1_ k'-^ 1 1 ^2 


1 - fc| ' 


l0g(l + fcl) l0g(l + fc-2) 


log(l + fca) log(l + fc4; 


1 k-^ 1 


X 1 k^ 



^(1) 

-^SBV := T— T2 - 7—7:2 " 7~n:2 " T~rT2 ' (200) 



(202) 



fci 




fc2 fca 


fc4 


1 + fcl 


+ 1 


+ fc2 1 + fca 


l + fc4 ' 


fci 




fc2 fcs 


fc4 


l-fc2 


+ 1 


— fc'l 1 — fc'l 


1 - fc| ' 


log(l + 


-fci) 


l0g(l + fc2) 


log(l + fca) 



"-SBV 

Finally, if cb < c < I (saturated-band-saturated), then for a < x < f3, 
du'^ ■ 1 1 

-42111(2;) := _ H [arctan (fc3r(a;)) + arctan (fc4r(a;)) - arctan (fcir(a;)) - arctan (fc2r(a;))] , (201) 

dx C TTC 

and dfi'^-^i^-J dx = l/cifO<x<a and (3 < x < 1. The corresponding Lagrange multiplier is given by 
4 := {p-a)[ [log(/3 - a) - 1] K^^^^ - 2 \og{2)K^^^ + 2K^^^ } 

+ ^(/?) + 2 - 2/31og(/3) - 2(1 - /3) log(l - /3) , 

where 

^(1) 

4bs •= + T^ii - TTi| - TZif ' (203) 

(3) _ log(l + fci) log(l + fc2) _ log(l + fcg) _ l0g(l + fc4) 
SBS • l_fc2 + I_fc2 i_^2 l-fc| • 

The shapes of the equilibrium measures for the Hahn weights are illustrated in Figure 3, which shows 
the way the measures change as c is varied for fixed A < B. The proof of Theorem 2.17 is simply to check 
directly that the following essential conditions are indeed verified: 

• The variational inequality (77) holds in all voids, the variational inequality (81) holds in all saturated 
regions, and the equilibrium condition (79) holds for a < x < (3. 

• The measure satisfies the normalization condition (62). 

• For a < X < f3, the measure has a density lying strictly between the upper and lower constraints (61). 

So, rather than checking these conditions, we indicate some of the techniques we used to deduce the formu- 
lae. The equilibrium measure may be computed either via an integral formula [KuiV99] relating it to the 
asymptotics of the recursion coefficients (which are known for the Hahn polynomials), or by directly solving 
the variational problem. In Appendix B we follow similar reasoning as in [DeiKM98] to derive the relevant 
formulae recorded in Theorem 2.17. 

< Remark: The Hahn polynomials have not been studied in the literature to the same extent as the 
Krawtchouk polynomials. There exists an integral representation of the Hahn polynomials, but it is ap- 
parently more difficult to analyze carefully than, for example, the corresponding integral formula for the 
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Figure 3: The density of the equilibrium measure for the Hahn polynomials for parameter values A — 3 and 
B = 7. Pictured are the measures for the values c ~ 0.1, 0.2, . . . , 0.9. 

Krawtchouk polynomials studied in [IsmS98] . We believe that the formulae for the Hahn equilibrium measure 
presented in Theorem 2.17 and the corresponding Plancherel-Rotach type asymptotics that are formulated 
in § 2.3, are new in the literature. t> 

3 Universal Asymptotic Properties of Discrete Orthogonal Poly- 
nomial Ensembles 

3.1 Discrete orthogonal polynomial ensembles and particle statistics. 

Consider the joint probability distribution of finding k particles at positions Xi, . . . , x^. in Xpf to be given by 
the following expression: 

P(there are particles at each of the nodes xi, . . . ,Xk) = p^'^'^\xi, . . . ,Xk) 



(we are using the symbol P(event) to denote the probability of an event) where Zff^k is a normalization 
constant (or partition function) chosen so that 



1 



k 



(204) 



l<i<i<k 3 = 1 




P 




(205) 
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Note that the particles are all indistinguishable from each other. The statistical ensemble associated with 
the density function (204) is called a discrete orthogonal polynomial ensemble. 

Discrete orthogonal polynomial ensembles arise in a number of specific contexts (see, for example, 
[BorOOl, JohOO, JohOl, Joh02]), with particular choices of the weight function w{-) related (in cases we 
are aware of) to classical discrete orthogonal polynomials. For instance, 

• The Meixner weight 

«.(.)=(^ + '^-^),^ (206) 

for X ~ 0, 1,2, . . . arises in the directed last passage site percolation model in the two-dimensional 
finite lattice x Z^v with independent geometric random variables as passage times for each site 
[JohOO]. The rightmost node occupied by a particle in the ensemble, random 
variable having the same distribution as the last passage time to travel from the site (0, 0) to the site 
(M-l,iV-l). 

• The Charlier weight 

w(x) = (207) 
xl 

for a; = 0, 1, 2, . . . arises in the longest random word problem [JohOl]. 



The Krawtchouk weight 

w{x) = ]p'q'^~'' (208) 



for a; = 0, 1, . . . , /\ arises in the random domino tiling of the Aztec diamond [Joh02]. 
• The Hahn weight 

-(^)-( X )[ N-x ) ^'''^ 

for X = 1,2,3, N arises in the random rhombus tiling of a hexagon [Joh02]. See also § 3.3 for more 
details. 

The first two cases (Meixner and Charlier) are examples of the so-called Schur measure [BorOOl, OkoOl] on 
the set of partitions. On the other hand, in special limiting cases the Meixner and Charlier ensembles both 
become the Plancherel measure, which describes the longest increasing subsequence of a random permutation^ 
[BaiDJ99, BorOOOO, JohOl]. Clearly it would be of some theoretical interest to determine properties of the 
ensembles that are more or less independent of the particular choice of weight function, at least within some 
class. Such properties are said to support the conjecture of universality within the class of weight functions 
under consideration. Note that since the Meixner and Charlier weights involve a semi-infinite lattice of 
nodes, a study of the corresponding ensembles requires a generalization of the asymptotic methods we will 
describe in § 4 and § 5. Consequently universality results for such ensembles will not be discussed here but 
will be developed in a subsequent paper. 

Some common properties of discrete orthogonal polynomial ensembles can be read off immediately from 
the formula (204). For example, the presence of the Vandermonde factor means that the probability of finding 
two particles at the same site in Xn is zero. Thus a discrete orthogonal polynomial ensemble always describes 
an exclusion process. This phenomenon is the discrete analogue of the familiar level repulsion phenomenon in 
random matrix theory. Moreover, due to the discreteness of the underlying space, the particles are separated 
at least by the distance between consecutive nodes. This strong exclusion due to the discreteness of the 
space imposes the condition that the density of the states of the particles has an upper bound, the limiting 
density of the nodes. This is the new feature in the discrete orthogonal polynomial ensembles that is not 

^Strictly speaking, this is not a discrete orthogonal polynomial ensemble in the sense we have described because as a 
consequence of the limiting process involved in the definition the number of particles k is not fixed in advance, but is itself a 
random variable. 
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present in the orthogonal polynomial ensembles associated with continuous weights {i.e. random matrix 
theory). Also, since the weights are associated with nodes, the interpretation is that configurations where 
particles arc concentrated in sets of nodes where the weight is larger are more likely. 

Our goal will be to establish asymptotic formulae for various statistics associated with the ensemble (204) 
for a general class of weights in the continuum limit N ^ oo subject to the basic assumptions enumerated 
in § 1.1 and the generic simplifying assumptions described in § 2.1.2. 

Of basic interest is the m-point correlation function, defined for m < k hy 

R\^'^\xi, . . . , Xm) '■— P(thcrc arc particles at each of the nodes Xi, . . . , x^) 

p(^''=)(xi,...,..), (210) 

Xm + l<---<Xk 

Xj &Xn 

< Remark: In random matrix theory [Meh91, TraW98] the correlation functions i?^''^'' are usually 
introduced with a prefactor of k\/{k — to)! which mediates between a density function for which particles 
(eigenvalues) arc considered to be distinguishable (unordered) and statistics for which order is irrelevant. 
Since we introduced p^^'''\xi, . . . ,Xk) from the start with the interpretation that the particles are indistin- 
guishable, this factor is not present in (210). > 

In particular, the one-point function r[^''^\x) denotes the density of the states, which is the probability 
that there is a particle at x. One can also verify the following interpretations: for any set B C Xj^, 



and 



^ r[^'^^ {x) = E(number of particles in B) , (211) 



i?2 (a;, y) = IE(numbcr of pairs of particles in i?), (212) 

x<y 
x,y£B 

where E denotes the expected value. 

The fundamental calculation of random matrix theory in the case of so-called 13 — 2 ensembles, due 
to Gaudin and Mehta (see, for example, [Meh91] or [TraW98]), shows that the correlation functions may 
equivalently be represented in the form 

i?(^-'=)(xi, . . . ,x™) = dct(X^,fc(z„x,))^<^.^.<^ , (213) 
where the so-called reproducing kernel (ChristofFcl-Darboux kernel) is defined for nodes x and y by 

KN,k{x,y) := \/ w{x)w{y) PN,n{^)PN,n{y) ■ (214) 

Using the Christoffcl-Darboux formula [Szc91], which holds for all orthogonal polynomials, even in the 
discrete case, the sum on the right telescopes. Thus for distinct nodes x ^ y, 

^ I ^ I I \ I N 7jV,fc-l PN.k{x)pN,k~l{y) - PN.k-l{x)pN,k{y) 

KnA^^V) = V'^(2;)w(y) '■ 

iN.k X - y 

-T^N,k{x) ■ -tN,k-lPN.k-l{y) - lN,k-lPN.k-l{x) ■ T^N,k{y) 



yjw{x)w{y) '■ ■ (215) 

x-y 

I , . , , Pii(.x; N, fc)P2i (y; N, k) - P21 {x; N, k)Pii{y; N, k) 

x-y 



42 



where the last hne follows from Proposition 1.3. Similarly, for any node x, 



KnA^, = ^i^) [Pii (a^; N, k)P2i {x- N, k) - {x; N, k)Pn {x; N, k)] . (216) 

Note that the resulting formulae are expressed in terms of the first column of the solution P{x;N,k) of 
Interpolation Problem 1.2 for a single value of k and that 

Pnix; N, k)P2i ir, N, k) - P2i{x- N, k)Pn{y; N, k) = {P(x; N, k)-^P{y; N, fc))^, , 

(217) 

Pi'i(x; TV, k)P2i{x; N, k) - P^,{x; N, k)Pn{x; N, k) = -{V{x- N, k)-^V'{x; N, k))^^ . 

Therefore, the correlation functions are written explicitly in terms of the discrete orthogonal polynomials 
associated with the nodes X]s[ and the weights 'Wiq,n = w{xisi,n)i and consequently these formulae can be 
analyzed rigorously in an appropriate continuum limit by using the methods we will present in detail in § 4 
and § 5. 

Consider a set B C and an integer m with < m < mm{^B, k). Another interesting statistic of a 
discrete orthogonal polynomial ensemble is then 

AI'^''''>{B) := P(there are precisely m particles in the set B) , (218) 



which vanishes automatically if m > by exclusion. This statistic is also well-known to be expressible by 
the exact formula 

^ ' m\\ dt. 



det(l-tifjv,fcL) , (219) 



where i^jv.fc is the operator (in this case a finite matrix, since B is contained in the finite set Xj^) acting in 
£'^{Xiq) given by the kernel KN,k{x,y), and K^^kl^ denotes the restriction of K^^k to £'^{B). 

This is by no means an exhaustive list of statistics that can be directly expressed in terms of the orthogonal 
polynomials associated with the (discrete) weight w{-). For example, one may consider the fluctuations and 
in particular the variance of the number of particles in an interval B C Xf^f. The continuum limit asymptotics 
for this statistic were computed in [Joh02] for the Krawtchouk ensemble (see Proposition 2.5 of that paper) 
with the result that the fluctuations are Gaussian; it would be of some interest to determine whether this 
is special property of the Krawtchouk ensemble, or a universal property of a large class of ensembles. Also, 
there are convenient formulae for statistics associated with the spacings between particles; the reader can 
find such formulae in section 5.6 of the book [Dei99]. 

3.2 Dual ensembles and hole statistics. 

Since the nodes Xj^ arc finite in number, the distribution of the positions a;i, . . . , of the particles naturally 
induces a distribution of the positions yi, . . . , yj; of the holes (that is, the nodes not occupied by particles). 
Here k ^ N ~ k, and {a;i, . . . , Xk} U {yi, . . . , yj,} = X^. It is interesting to determine the explicit formula 
of the hole distribution. We will show that when the particle locations Xj are distributed according to the 
probability density function p'-^'''\xi, . . . ,Xk) as in (204), the density function of the hole locations yj is 
always of the same form with only a different choice of weight function. 
Let us define 

p^^''^^ (j/i, • • • , j/j.) := P(there are holes at each of the nodes yi, . . . , y^.) . (220) 
Given two complementary sets of nodes {xi, . . . , x^} U {yi, . . . , y^.} = Xpf, from the definition (220), 
p(^'^)(yi,...,y,) = p(^-^)(xi,...,Xfe) 

k (221) 



ZN.k , . . , 
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As 

N-l 



we find that 



■' l<i<]<k 3 = 1 ^^-l' 

k N-l 



l<i<j<k j = l n=0 



1 



A little algebra shows that (c/. (9.42) of [Bai99] or Lemma 2.2 of [JohOl]) 

k N-l k k k k 

i<i<j<k i=l "=0 l<i<j<k j=li=l j = 

k k 

- n i^-'-^^-i- n iy.-2^»rnnb 

l<i<j<fc l<j<J<'c 3 = ii=i 

l<i<3<k 

where Dn is the Vandermonde determinant of the nodes 

Dn ■= Yl ~ ^^jl 

0<i<3<N-l 

and the identity 

k k 

Dn = n ~ ■ n \y' y^^ YlYl i^^ ~ y^i 

l<i<j<k l<i<j<k i=l3 = i 

is used in the last line. Therefore, the density of the holes is given by 

p(^''Hj/i,---,ys)==^ n (y«-2/.)'-ri^(%)' 

'^^''^ l<^<3<k 3 = 1 

where the normalization constant is 

„ N-l 
^N,k 



^N n „^.r"-^„ 1 \XN,i-XN,3 

and the weight function is 



N-l 



n=0 
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Note that this new weight function is precisely the dual weight defined in (44) of § 1.5.2. Hence when 
the particles are distributed according a discrete orthogonal polynomial ensemble, the holes are distributed 
according to the discrete orthogonal polynomial ensemble corresponding to the dual weights. We will say that 
the ensembles governed by the density functions p'^^''^'(xi, . . . ,Xk) and p'^'*^-' (yi, . . . , j/j.) are dual to each 
other. Since dual ensembles correspond to weights of similar form, but with the involutions c <-> 1 — c and 
V{x) —V{x), their statistics are analyzed in exactly the same way. Therefore, the universality properties 
of the particle distribution that we will establish below will automatically imply corresponding universality 
properties of the of the hole distribution. 



3.3 Random rhombus tilings of a hexagon. Relation to the Hahn and associated 
Hahn ensembles. 

We briefly digress to describe a concrete occurrance in probability theory of discrete orthogonal polynomial 
ensembles, in particular those corresponding to the Hahn and associated Hahn weights. Let o, b, and c be 
positive integers, and consider the hexagon (see Figure 4) with the following vertices written as points in the 
complex plane: 

Pi = 0, Pa = be-"/^, Pa = P2 + ae*'^/^ 

(230) 

Pi = Pa + ic, P5 = P4 + be5W6^ = ^c. 

All interior angles of this hexagon are equal and measure 27r/3 radians, and the lengths of the sides are, 
starting with the side (Pi,P2) and proceeding in counter-clockwise order, fa,a, c, b,a, c. We call this the 
abc-hexagon. Denote by £ the part of the set of lattice points (see Figure 4) 




n.n' (EZ 



that lies within the hexagon, including the sides (Pg, Pi), (Pi, P2), (P2, P3), and (P3, P4), but excluding the 
sides (P4,P5) and (P5,P6). See Figure 4. 

Consider tiling the abc-hexagon with rhombi having sides of unit length. Such rhombi come in three 
different types (orientations) that we refer to as type I, type II, and type HI; see Figure 5. Rhombi of types 
I and II are sometimes collectively called horizontal rhombi, while rhombi of type HI are sometimes called 
vertical rhombi. The "position" of each rhombus tile in the hexagon is a specific lattice point in C defined 
as indicated in Figure 5. 

MacMahon's formula [Mac60] gives the total number of all possible rhombus tilings of the abc-hexagon 
as the expression 

i=ij=ik=i ■' 

Consider the set of all rhombus tilings equipped with uniform probability. Hence we choose a tiling of the 
abc-hexagon at random. It is of some current interest to determine the behavior of various corresponding 
statistics of this ensemble in the limit as a, b, c ^ 00. 
In the scaling limit of n — > 00 where 

a = an , b = »n , c = Cn , (233) 

with fixed 21, *B, £ > 0, the regions near the six corners are "frozen" or "polar" zones (i.e., regions in which 
only one type of tile is present), while toward the center of the hexagon is a "temperate" zone (i.e., a region 
containing all three types of tiles). The random tiling shown in Figure 6 dramatically illustrates the two types 
of regions, and the asymptotically sharp nature of the boundary between them. Cohn, Larsen and Propp 
[CohLP98] showed that in such a limit, upon scaling by l/n, the expected shape of the boundary separating 
the polar zones from the temperate zone is given by the inscribed ellipse. Moreover, the same authors also 
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Figure 4: The abc-hexagon with vertices Pi, 



,Pg, and the lattice C 



computed the expected number of vertical rhombi in an arbitrary set U ^M?. However, this calculation was 
provided without specific error bounds. Subsequently Johansson [JohOO] proved a large deviation result for 
the boundary shape, and also proved weak convergence of the marginal probability of finding, say, a vertical 
tile near a given location in the temperate zone. The same paper also investigates a different tiling model, 
namely the Aztec diamond tiling model for which a finer result is proved. It is proved that the fluctuation 
of the boundary between the polar zones and the temperate zone in the Aztec tiling model is governed (in 
a proper scaling limit) by the so-called Tracy- Widom law of random matrix theory [TraW94]. One of the 
results implied by our analysis of general discrete orthogonal polynomial ensembles (see Theorem 3.14) is 
that the same Tracy- Widom law holds for rhombus tilings of the abc-hexagon. 

The method of [JohOO] is to express the induced probability for certain configurations of rhombi in the abc- 
hexagon or of rectangles in an Aztec diamond in terms of particular discrete orthogonal polynomial ensembles. 
The weights corresponding to the Aztec diamond are Krawtchouk weights, and those corresponding to the 
abc-hexagon are Hahn or associated Hahn weights. Johansson applied the classical steepest-descent method 
to the integral representation of the Krawtchouk polynomials in order to obtain various asymptotic results 
for the Krawtchouk ensemble. However, even though the Hahn polynomials are also classical polynomials, 
their integral representation does not seem to be so straightforward to analyze asymptotically using the 
classical steepest-descent method. Hence questions of asymptotics for Hahn and associated Hahn ensembles 
have not been adequately answered to date. But as the Hahn and associated Hahn weights are special cases 
of the general weights under study (see § 2.4.2 for the relevant equilibrium measures), the universality results 
to be described below in § 3.4 apply to the Hahn and associated Hahn ensembles as special cases, and hence 
we will obtain new results for the random rhombus tiling of the obc-hexagon (see § 3.5 below). 

We first state the result of [JohOO] providing expressions for probability density functions related to 
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Type I 



1^ 

Type II 



Type III 



Figure 5: The three types of rhombi; the position of each rhombus is indicated with a dot. 



rhombus tilings of the abc-hexagon in terms of discrete orthogonal polynomial ensembles. We will assume 
without loss of generality that o > b (by the symmetry of the hexagon, the case when a < b is completely 
analogous). Consider the m^^ vertical line of the lattice C counted from the left. We denote by the 
intersection of this line and the lattice C. The number of points in £,„ is 

N = Nia, b, c, m) c + + , (234) 

where 

:= |m — a| and b„i:=|TO — b|. (235) 

In a given tiling, the N points in £,„ correspond to positions (in the sense defined above) of a number of 
rhombi of types I, II, and III. We call the positions of horizontal rhombi (types I and II) the particles, and the 
positions of vertical rhombi (type III) the holes. See Figure 7 for an example of £,„ when m = 3, illustrating 
the corresponding particles and holes. 

Let Qm be the lowest point in the sublattice Cm- On the sublattice Cm, there are always exactly c 
particles, and Lm := N — c holes. Now, let < • • • < Xc, where xj £ {0, 1, 2, . . . , — 1}, denote the 
(ordered) distances of the particles in C,n from Qm, and let < • • • < ^i^, where S {0, 1, 2, . . . , iV — 1}, 
denote the distances of the holes in Cm from Qm- In particular, we then have {xi, . . . , U {^i, . . . , ~ 
{0, 1, 2, . . . , A'' — 1}. The uniform probability distribution on the ensemble of tilings induces probability dis- 
tributions for finding particles and holes at particular locations in the one-dimensional finite lattice Cm- Let 
Pmixi, . . . , Xj) denote the probability of finding the particle configuration xi, ■ ■ ■ ,x^, and let Pmi^i, ■ • ■ , £,Lm) 
denote the probability of finding the hole configuration ^i, • • • ,$l,„. 

Proposition 3.1 (Theorem 4.1 of [JohOO]). Let a, b, c > 1 be given integers with a > b. Then 

1 " 

Pmixi, . . . ,X^) = ^ {Xj - Xk)'^Y\_'^i^j) ^ (236) 

l<i<fe<c ] = 1 

where Zm is the normalization constant (partition function) , and where the weight function is the associated 
Hahn weight (see (181)^ 

^(x) := <r(a™ + + 1) ^ xMam-..m-.-mN-x-i-,,my- ' ^'''^ 



for a certain constant C . Also, 

Pm{^u-.-,iLj=^ n (o-a)'n^(o), (238) 



l<j<k<L^ j = l 

where Zm is the normalization constant, and where the weight function is the Hahn weight (see (180) j 

w(4)— «^jv,c (a™ + l,b™ -f 1) = C ^!(jV - g - 1)! ' ^ ' 

for a certain constant C . 
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Figure 6: A rhombus tiling of a large abc-hexagon with a — b ^ c = 64. Type I tiles are yellow, type II tiles 
are red, and type III tiles are blue. Image provided by J. Propp. 



Together with the scahng (233), we set 



m = rn , 



(240) 



for some fixed t > 0. The mean density of particles in Cm is then 




(241) 



c : 



N 2G: + 21 + «B- |r-2l|- |r-«B| ' 



and the mean density of holes in £,„ is 



A^- c 



21 + S- |r-2l| - |r-<B| 



(242) 



c := 



2e: + 2l + <8- |r-2l| - |t-S| ■ 



N 



3.4 Results on asymptotic universality for general weights. 

The following theorems all describe the asymptotic behavior as N ^ oo oi various statistical quantities 
connected with the discrete orthogonal polynomial ensemble corresponding to nodes Xf^ C [a,h] characterized 
by the function p^{-) and weights characterized by the function V{-). These quantities, and the parameter 
c (asymptotic value of k/N where k is the number of particles in the ensemble) are presumed to satisfy 
the same basic assumptions set forth in § 1.1.1 and the simplifying assumptions set forth in § 2.1.2. The 
theorems stated in this section will be proved below in § 7. 

Let and rjN be elements of a discrete subset Dn of R, such that maxDAr — m\i\ Dn remains bounded 
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Figure 7: A rhombus tiling of the abc-hexagon, and the lattice Cm when m = 3; holes are represented by 
white dots and particles are represented by black dots. 



and the distance between neighboring points of Dn converges to a constant as N ^ oo. The expression 

sin(7r(^Ar - 77jv)) 



(243) 



is called the discrete sine kernel ("discrete" reminds us that and 777V lie in a discrete set Dn). We extend 
the definition of the discrete sine kernel to the diagonal by setting 



(244) 



Theorem 3.2 (Universality of the discrete sine kernel in bands). Suppose that xi,...,xi and 
xi+i, . . . , Xm are disjoint sets of nodes in a fixed closed interval F in the interior of any band I, and denote 

by 6n the distance between the two sets, 



Sn niin \xi — Xj 

l<i<l 
l+l<j<m 



Then, 



Fix X in the interior of any band I , let 



,xi)rI^:!1\xi+i, 



,Xm) + O 



NSn 



Six) 



1 -1 



(245) 



(246) 



(247) 
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and for some integer n > 1 consider . • . , all to lie in a fixed bounded set _D C K such that 



jj)S{x) 

Vj :— a; + — ^ 



j = 1, . . . ,n 



(248) 



all satisfy Xj e and Xj 
sufficiently large, 



N 



oo. Then there is a constant Co.n > such that for all N 



max 

AD A^)^D 



p^{x) dx 



(x) 



l<z,j<n 



< 



Cr 



N 



(249) 



T/iMS particles separated by distances large compared to l/N are asymptotically statistically independent, 
and the asymptotically nontrivial correlations among particles separated by distances comparable to 1 /N are 
determined by the discrete sine kernel and the value of the one-point function. 

Let the operator S{x) act on £^(Z) with the kernel (see, e.g. [BorOOOO]) 



S,j{x) 



p^{x) dx 

c dn' 



{x)S 



sm 



p^ix) dx 



p^{x) dx 
{x) ■ TT{i - j) 



p^{x) dx 



(250) 



n{i - j) 



where i,j G Z. 

Theorem 3.3 (Asymptotics of local occupation probabilities in bands). Let C Xm be a set of 

M nodes of the form 

Bn = {xN,j , XN,j + ki , XN.j+k2 J ■ ■ ■ > XN,j+kM-i } (251) 

where f/=Bi\i = M is held fixed as N oo, and where 



< ki < k2 < ■ ■ ■ < kM-i 



(252) 



are fixed integers. Set B :~ {0, ki, k2, . . . , kM-i} C Z. Suppose also that as N — > cx3, Xnj = mini? at x 
with X lying in a band (and hence the same holds for XN,j+kM-i — 'raax.BN). Then, as N co. 



det (l - tS{x) 



(253) 



Theorem 3.4 (Uniform exponential bounds for the correlation functions in voids). Let F be a 

fixed closed interval in a void T that is bounded away from all bands. Then there is a constant Cp^m > 
such that for all N sufficiently large. 



max 

Xi,...,Xm&XNnF 



-rnKpN 



where the constant Kp is defined by 



Kp := min 

zeF 



SE, 
Sp 



(254) 



(255) 



Note that Kp > because F is closed and disjoint from the support of the equilibrium measure fj."^ 
For any x £ (a, b), any H > and any iV > 0, let 



£'int([^, B];x, H, N) := E ( number of particles at nodes z of the form 



H^JN 



with A<^N <B 



(256) 
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Theorem 3.5 (Normal particle number distribution near interior local minima of SEc/Sji in 
voids). There is a finite set Q such that for each point x in the interior of a void T and with x ^ Q, where 

SE 

—^(z) -e, = W + H^-{z-x)^ + 0({z- xf) (257) 

0^ 

holds with fi — /i^in some H > as z ^ x, there is a subsequence of integers N tending to infinity for 
which we have 

E,^,{[C,D] C [A,B]-x,H,N) _ " '^^ , ^( I 



e d£, 



0[^] ■ (258) 



That is, the expected number of particles in a certain interval of size \/\N near x is given by a normal 
distribution. 

<\ Remark: Whether in the interior of a given void F there may exist a local minimum of 5Ec/ 5^ — 1^ 
depends on the parameter c and the nature of the functions V{x) and p'^{x) characterizing the equilibrium 
measure. > 



The higher (multipoint) correlation functions for particles in a neighborhood of size l/yN of the interior 
local minimum x are smaller in magnitude by a factor proportional to \/^/N than the one-point function. 
This implies that although the one-point function is Gaussian, the statistics of distinct particles near x are 
far from independent. 

<i Remark: Another interesting possibility would be a local minimum of 6Ec/6fi — £c occurring at cither 
endpoint a or 5 or the interval of accumulation of nodes, if this endpoint lies in a void. But a direct calculation 
gives, for x in a void F, 



d_ 

dx 



p ^ f P\v)dy 2, f + v'ix) . (259) 

x-y Ja x-y 



Here ^ = ^Jjii^- The second integral is nonsingular because x lies outside the support of the equilibrium 
measure. As x tends to an endpoint of [a, 6] in a void F, the latter two terms remain finite and the first 
term tends to — oo as a; | a and to -l-oo as a; "f 6 (under our assumptions on V{x) and p'^{x)). Thus, neither 
endpoint can be a local minimum. > 

The analogue of Theorem 3.4 for saturated regions is the following. 

Theorem 3.6 (Uniform exponential bounds for the correlation functions in saturated regions). 

Let F be a fixed closed interval in a saturated region F that is bounded away from all bands. Then there is a 
constant CF,m > such that for all N sufficiently large, 

-LpN 



max 

Xi,...,Xm£XNnF 



i?(^'^)(xi,...,a;,„)-l <Ci.,™^^, (260) 



where the constant Lp is defined by 

'5E, 



Lp := — max 



(261) 



Note that Lp > because F is a closed subinterval of an interval in which the the variational inequality (81) 
holds. 

For X S (a, b), any H > and any > 0, let 

Mir,t{[A,B];x,H,N) := # (nodes z of the form z = x + with A < < b\ (262) 

L Lly N J 



which is asymptotically proportional to VA^ for fixed LL and fixed A < B. Then, the analogue of Theorem 3.5 
for saturated regions is the following. 
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Theorem 3.7 (Normal particle number deviations near interior local maxima of SEc/Sf-i in 
saturated regions). There is a finite set Q such that for each point x in the interior of a saturated region 
r with X ^ Q, where 

— ^(z) -£^ = -W -H^ -{z-xf + Uz ~ xf) (263) 

holds with n = for some H > as z x, there is a subsequence of integers N tending to infinity for 
which we have 



Mint([C, D] C [A, B];x, H, N) - E,^t{[C, D] C [A, B];x, H, N) ^ 
Mint ([A, B] ; X, H, N) - Ei^tiiA, B];x, H, N) 



e-^- d^ 



O(^). (264) 



That is, the deviation of the expected number of particles from the number of available nodes in a certain 
interval of size 1/\/N near x is given by a normal distribution. 

< Remark: It is not possible for a local maximum to occur at an endpoint of [a, b] lying in a saturated 
region, since for x in a saturated region F 



d_ 

dx 



SE, 
5ii 



= -cP.V. 



ti''{y)dy 
x~y 



p"{y) - cti'iy) 



x-y 



dy + V\x) 



(265) 



where fi — mJjjJjj and the second term is nonsingular because the upper constraint is satisfied by the equilibrium 
measure in saturated regions. The latter two terms remain finite as x tends to an endpoint of [a,b], but the 
first term tends to +00 as a; J, a and to —00 as x ^ b. This shows that a local maximum may not occur at 
either endpoint in saturated regions. > 



The expression 



is called the Airy kernel. 



Ai^N.VN) 



Ai{^N)Ai'{rjN) - Ai'iCN)Ai{r]N) 



(266) 



Theorem 3.8 (Universality of the Airy kernel near band edges adjacent to voids). For each fixed 
M > 0, each left band edge a separating the band from a void, and each positive integer m, there is a constant 
G™ (Af ) > such that for sufficiently large N , 



max 

where 



Bi 



lim 



1 d^ifni 



det (a{^<^,^^^) 



l<i,j<m 



< 



i« ^/x'■ 



dx 



{x)>0, 



]S[{m+l)/3 ' 

(267) 
(268) 



and ^^j^p = — {^NTrcB^y" (xj — a). Similarly, for each fixed M > 0, each right band edge (3 separating the 
band from a void, and each positive integer m, there is a constant G^{M) > such that for sufficiently large 
N, 



max 

XI,. ..,Xm 

p-MN''^/^<Xj<l3+MN''^/'^ ,Vj 



(ttcB^ 



2/3' 



det (a{c^,s:^) 



l<i,j <'fn 



< 



jV(m+l)/3 ' 

(269) 
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whe 



and 



^0 



-(^) >0, 



(270) 



(N^cBf)'"\x, - P) 



Theorem 3.9 (Universality of the Airy kernel near band edges adjacent to saturated regions). 

For each fixed M > 0, each left band edge a separating the band from a saturated region, and each positive 
integer m, there is a constant H^{AI) > such that for sufficiently large N, 



XX... 

-A/7V-i/2< 



max 



, <Q+MJV-2/3 yj 



Xi, 



0-1 



2/3 



7Vl/3pO(Q,) ^ 
^ ' .7 = 1 



< 



g"(M) 
iV2/3 



where c :~ 1 ~ c, 



and S}^^ 



Bi 



1 



lim ■ 

xia ^Jx — a c 



dl^mi 



dx 



-ix) 



>0, 



(271) 



(272) 



-{NncB^) ' (xj — a). Similarly, for each fixed M > 0, each right band edge (3 separating the 
hand from a saturated region, and each positive integer m, there is a constant HJ^{M) > such that for 
sufficiently large N , 



Xi 



max 

..,x^£Xj^ 



/3-A/Ar-2/3<2;j</3+A/Af-i/2 ,\fj 

where again c = I — c. 



TTcBi 



2/3 



< 



Him 

Ar2/3 



B 



1 



lim ■ 

xW VP — X c 



dx 



'-(x) 



>0, 



(273) 



(274) 



and ^ 



U) 

N 



{N^cMfl^{xj-l3). 
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A statistic more interesting than the correlation functions near a band edge is the limiting distribution 
of the location of the leftmost or rightmost particle or hole. It is well-known that the distribution of the 
largest eigenvalue of a random matrix from the Gaussian unitary ensemble converges, after proper centering 
and scaling, to a certain one-parameter family of Fredholm determinants constructed from the Airy kernel. 
The dependence of the determinant on the parameter can also be expressed in terms of a particular solution 
to the Painlevc II equation [TraW94] . This universal distribution function is known as the Tracy- Widom 
distribution. We claim that the distribution of the location of the leftmost or rightmost particle or hole 
has the same limit for general discrete orthogonal polynomial ensembles of the type corresponding to the 
assumptions on the nodes, weights, and equilibrium measures described in § 1.1 and § 2.1.2. 

Let a;niin G A^r and Xmax G A^v be the nodes occupied by the leftmost particle and the rightmost particle 
respectively. Also denote by wA|[s_oo) the (trace class) integral operator acting on £'^[s, oo) with the Airy kernel 
(266). Recall the generic assumption that the equilibrium measure of the fc-particle ensemble has either a 
void or a saturated region adjacent to each endpoint of the interval [a, b] in which the nodes accumulate. 
Then we have the following result. 

Theorem 3.10 (Tracy- Widom distribution of the leftmost and rightmost particles). // the left 
endpoint a is adjacent to a void (a, a), then for each fixed s G K, 



lim I 

Af— ►oo 



((xn,in - a) ■ {^NcB^f^ > -s) = det(] 



det(l-^|[,,o,)), (275) 
where B^ is defined by (268). // the right endpoint b is adjacent to a void (/?, b), then for each fixed s € M, 

Vmax - P) ■ {TlNcB^f^ < s) = dct(l - ^|[,^^)) , (276) 



lim 



N- 



where B^ is defined by (270). 
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We also obtain a similar result for the leftmost and the rightmost holes. Let /imin and /imax be the nodes 
occupied by the leftmost and the rightmost hole respectively. 

Theorem 3.11 (Tracy- Widom distribution of the locations of the leftmost and rightmost holes). 

// the left endpoint a is adjacent to a saturated region (a, a), then for each fixed s g M, 

lim P ((/i,„i„ - a) ■ {nNcB^f/^ > -s) = dct(l - ^|[,,^)) , (277) 

where is defined by (272) and c = 1 — c. If the right endpoint b is adjacent to a saturated region {(3, b), 
then for each fixed s G R, 

lim P ((/i^ax - P) ■ {TTNcm f^ < s) = det(l - ^|[«,oo)) , (278) 
where is defined by (274) and c ~ 1 — c. 

3.5 Random rhombus tilings of a hexagon. Statistical asymptotics. 

The general asymptotic results stated in § 3.4 combined with the specific calculations of the equilibrium 
measure for the Hahn weight in § 2.4.2 imply several facts in the random tiling of the abc-hexagon. Firstly, 
Theorems 3.2, 3.4 and 3.6 predict the asymptotic behavior of the one-point correlation function, implying 
that as n ^ oo, the one-dimensional lattice Cm, rescaled to a finite size independent of n, consists of three 
disjoint intervals: one band, surrounded by two gaps (either saturated regions or voids, depending on the 
parameters a, /3, 7, and r). The saturated regions and voids correspond to the polar zones, while the central 
band is a section of the temperate zone. Hence in particular, the cndpoints of the band (sec equations (189), 
(190), and (191), where A := (Xm/N and B :— bm/N arc functions of 21, 05, £, and r only) when considered 
as functions of t for fixed 21, *8, and £ determine the typical shape of the boundary between the polar and 
temperate zones of the rescaled abc-hexagon. It may be checked that this curve, as calculated directly from 
the quadratic equation (189), coincides with the inscribed ellipse first shown to be the expected shape of the 
boundary by Cohn, Larsen and Propp [CohLP98] . 

Moreover, we find that the one-point functions for particles and holes converge pointwise except at the 
band edges to the equilibrium measures respectively for the associated Hahn weight corresponding to the 
value of c given in (241) and for the Hahn weight corresponding to the value of c given in (242), and we 
obtain a precise error bound. This result thus improves upon those obtained in [CohLP98] and [JohOO]. 
We expect that with additional analysis of the same formulae it should be possible to show that the error 
is locally uniform with respect to r, in which case the same bounds should hold for more general regions 
/7 S R^. We state our result in this direction as follows. 

Theorem 3.12 (Strong asymptotics of the one-point function in the abc-hexagon). Consider holes 
on the line Cm of length N , where m ~ rn and r is fixed as n ^ 00. The corresponding one-point function 

Ri^'-'^'HO ^ c^^ix) where x = (279) 

as n 00 with a ~ 2ln, b — 5Bn, and c = €n, and 2t, and € are held fixed. Here, the equilibrium measure 
is that corresponding to the Hahn weight with parameters A = am/N and B = bm/N (see (195), (198), 
and (201) in § 2.4-2). The convergence is uniform for ^ — 0,1,2, . . . , N — 1. Note that the limit function 
cdfi'^-^^/dx{x) is identically equal to one in the polar zones near the vertices P2 and P5 and is identically 
equal to zero in the polar zones near the vertices Pi, P3, P4, and Pq. The rate of convergence is uniformly 
exponentially fast (the error is of the order 0(e~^") for some K > 0) for ^ in any polar zone such that 
X = ^/N is uniformly bounded away from the temperate zone as n —*■ 00. For ^ in the temperate zone such 
that X ~ ^/N is uniformly bounded away from all polar zones as n —^ 00 the rate of convergence is such that 
the error is uniformly of the order 0(l/n). 
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Ill the temperate zone, in addition to the one-point function, we can control all the multipoint correla- 
tion functions under proper scaling (see Theorem 3.2). One consequence of this is the following theorem 
concerning the scaling limit for the locations of the holes (see Theorem 3.3) in the line Cm- 

Theorem 3.13 (Local occupation probabilities in the temperate zone of the abc-hexagon). Con- 
sider a vertical line £,„ of length N in the abc-hexagon with a = 2tn, b = Q3n, c ~ €n and m ~ rn for 
fixed positive 21, 05, €, and r. Let x > be fixed such that Nx G and such that the location ^ — Nx 
units above Qm in Cm lies in the temperate zone bounded away from the expected boundary between the polar 
and temperate zones by a distance proportional to n. Let B = {Nx, Nx -\- ji, Nx 4- j2, . . . , Nx -f ja/}, where 
B ~ {0, ji, j2, ■ • • , JA/} C Ztv is a fixed set of integers. Then 



lim ¥( there are precisely p holes in the set B) ~ —( — — 
>cio p\ y dt 



det{l-tS{x)\B), (280) 

=1 



S,,{x) = ^-^^^^q}P^^, for^,JeZ, (281) 



where S{x) acts on £^(Z) with the kernel 

sm{ TTq{x){i - j)) 
Tiii - j) 

where q{x) = cdfi'^^-^^^/dx{x) is the limiting one-point function, or the density of states at x. 

Finally we obtain the limiting distribution of the fluctuation of the boundary separating the polar and 
temperate zones. From 3.10, we have the following result which was conjectured in [JohOO]. Recall that 
the Fredholm determinant det(l — o^)) (see (282) below) has an alternative expression in terms of a 
particular solution of the Painleve II equation in the independent variable x, which is referred to in random 
matrix theory as the Tracy- Widom law. 

Theorem 3.14 (Tracy- Widom distribution of extreme particles and holes in the abc-hexagon). 

Consider a vertical line Cm of length N in the abc-hexagon with a = 2t?i, b = Sn, c = €n and m ~ rn 
for fixed positive 21, 05, £, and t. Suppose further that t is sufficiently small or sufficiently large that the 
polar zone at the top of Cm is a void for holes (equivalently, is saturated with particles). Denote by the 
height above the point Qm of the topmost hole in Cm, o,nd recall that for j3 defined by (191) in § 2. 4-. 2 with 
A — a„-jN and B = bm/N , the limiting expected height above Qm of the boundary between the temperate 
and polar zones is Nf3. Then, for some constant t > 0, 

-dct(l-^|[.,^)) (282) 

for each a; G M, where A\[x,oo) the Airy operator acting on s L'^[x,oo) with the Airy kernel (266). 

The above result applies to the boundary between the polar zones near the vertices P4 and Pg ^^nd the 
temperate zone. The analogous results hold for the boundary near Pi and P3 with the use of the other 
endpoint a (see (190) in § 2.4-2) in place of (3, a change of sign in the inequality, the interpretation of 
as the location of the bottommost hole in Cm o,nd a proper adjustment of the constant t. Similarly, for the 
boundary near P2 and P5 where the polar zones are voids for particles (or packed with holes) the analogous 
results hold with the interpretation of ^* as the height above Qm of the bottommost or topmost particle. 

< Remark: Similar results for domino tilings of the Aztec diamond are obtained in [JohOl]. In [OkoROl], 
a g-version or grand canonical ensemble version of the uniform probability measure on the set of rhombus 
tilings of the abc-hexagon is considered; thus the size of the hexagon also becomes a random variable. These 
authors computed the correlation functions of holes in the temperate region that do not necessarily lie along 
the same line, in a proper limit that corresponds to the limit 00. The result of this calculation is a 

kernel built from the incomplete beta function, referred to as the "discrete incomplete beta kernel" . This 
kernel reduces to the discrete sine kernel when the holes all lie along the same line. We expect that the same 
kernel should appear in the Hahn ensemble if one computes the asymptotic correlation function for holes 
lying in a two-dimensional region. The Airy limit of the boundary of the polar zones for this model was 
obtained by Ferrari and Spohn [FerS02]. > 
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4 An Equivalent Riemann-Hilbert Problem 



In this section wc introduce a sequence of exact transformations relating the matrix P(z]N,k) to a matrix 
X(z) satisfying an equivalent Riemann-Hilbert problem. The Riemann-Hilbert problem characterizing the 
matrix X(z) will be amenable to asymptotic analysis in the joint limit of large degree k and large parameter 
N. This asymptotic analysis will be carried out in § 5. 



It turns out that Interpolation Problem 1.2 will only be amenable to analysis without any modification of the 
triangularity of some of the residue matrices if the equilibrium measure never realizes its upper constraint. 
This is because the variational inequality (81) associated with this constraint leads to exponential growth 
as — > oo in each situation that we wish to exploit the inequality (77) to obtain exponential decay. This 
difficulty was recognized, for example, in [BorO02], where for a specific weight it was circumvented using 
representations of the corresponding polynomials in terms of hypergeometric functions. We need to handle 
the problem of the upper constraint in full generality, and we will do so by using an explicit transformation 
of the form (34) to reverse the triangularity of the residue matrices near only those poles where the upper 
constraint is active, and leaving the triangularity of the remaining residues unchanged. The result of the 
change of variables (34) is a matrix Q(z; N, k) that depends on the choice of a subset A C Z^r. Our immediate 
goal is to describe how the set A must be chosen to prepare for the subsequent asymptotic analysis to be 
described in § 5 in the limit N oo. 

The continuity of dfi'^-^^^J dx (which follows from our basic assumptions outlined in § 1.1, see also § 2.1) 
along with the assumption (9) implies that voids and saturated regions cannot be adjacent to each other, 
but must always be separated by bands. A band that lies between a void and a saturated region (rather 
than between two voids or between two saturated regions) will be called a transition band. In each transition 
band, we select arbitrarily a fixed point yk- There are a finite number, say M, of transition bands, and we 
label the points we select one from each in increasing order: yi, . . . , y]\j. 

With each yk we associate a sequence {2/fc,jv}?^=o converges to yk as N ^ oo. Each element of the 
sequence is defined by the quantization rule: 



where \u\ denotes the least integer greater than or equal to u. We call the points yk,N transition points, 
and use the notation Yjy for the set {yk,N}kLi^ ^ind Yoo for the set {yk}kLi- Since p'^{x) is analytic and 
nonzero in (a, 5), we have yk,N = J/fc + 0{\/N) as N oo. Also, comparing with the condition (10) that 
defines the nodes X^, we see that each of the transition points yk.N asymptotically lies halfway between two 
adjacent nodes. Note that if only one constraint is active in [a, 6], then there are no transition bands at all, 
and therefore no transition points, so Y/v = 0- For all sufficiently large fixed N, the transition points yk,N 
are ordered in the same way as the points yk. For each N, wc take the transition points in Y/v to be the 
common endpoints of two complementary systems T,^ and of open subintervals of (a, b): 

Definition 4.1 (The systems of subintervals and S^). The set is the union of those open 
subintervals {yk,N ,yk+i,N) or (a,?/i_Ar) or {yM,N,b) (or (a, 6) if there are no transition points) that contain 
no saturated regions. The set is the union of those open subintervals {yk,N,yk+i.N) or (a,?/ijv) or 
{yM,N,b) (or {a,b) if there are no transition points) that contain no voids. 

See Figure 8. The sets Eq' and E^ depend on in a very mild way, but they depend more crucially on 
the fixed parameter c and on the analytic functions V{x) and p°{x). 

With this notation, we now describe how we will choose the set A involved in the change of variables (34) 
from P{z; N, k) to Q(^;; iV, k). The set A will be taken to contain precisely those indices n corresponding to 
nodes x/v.n contained in E^: 



4.1 Choice of A: the transformation 'P{z] N, k) Q,{z; N, k). 




(283) 



A := {n e Zjv such that XN,n G Eq } . 



(284) 
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Figure 8: A diagram showing the relation of a hypothetical equilibrium measure fi'^^i^^ to the interval systems 
and . The nodes Xn are indicated at the top and bottom of the figure with tick marks; their density 
is proportional to the upper constraint. The endpoints of subintervals of 'Sq and are the transition 
points Yn that converge as N ^ oo to the fixed points x = yk whose positions within each transition band are 
indicated with vertical dotted lines. The analytic unconstrained components tpii^) of the density dfi'^^^/dx{x) 
are also indicated. 



In particular, this choice has the effect of reversing the triangularity of the residue matrices at those nodes 
XN,n where the upper constraint is active. Note that is roughly proportional to N; we will define a 
rational constant djv by writing 

dN:=^. (285) 

Note that djv has a limiting value d as N ^ oo; for technical reasons (see (289) below) we will assume 
without loss of generality (because we have considerable freedom in choosing the points in Yoo) that d ^ c. 

4.2 Removal of poles in favor of jumps on contours: the transformation Q,{z] N, k) 
R(z). 

The transformation in this section is based on an idea first used in [KamMMOS]. In that monograph, an 
analytic function was used to simultaneously interpolate the residues of many poles at the pole locations. A 
generalization of this procedure involving two distinct analytic interpolants was introduced in [Mil02] . The 
approach we take in this section will also use two interpolants. 

Note that by definition of the nodes xnj & Xn (see § 1.1.1), and using (129), we have 

.g-,Are°(x„,„)/2 ^ _^g»Jve«(x„,„)/2 ^ (_i)Ar-i-n ^ for iV € N and n G Zjy. (286) 
Let e > be a fixed parameter (independent of N) and consider the contour E illustrated in Figure 9. The 
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Figure 9: T/ie oriented contour S anii regions fi J and fij 



figure is drawn to correspond to the hypothetical equilibrium measure illustrated in Figure 8. The contour 
S consists of the subintervals Sq^ and St ^-i^d additional horizontal segments with |3(z)| = e and vertical 
line segments with 5R(z) = a, 5R(z) = &, and ^{z) g Yat. We take the parameter e to be sufficiently small so 
that the contour S lies entirely in the region of analyticity of V{x) and p^{x). Further restrictions will be 
placed on e later on. 

From the solution of Interpolation Problem 1.2 transformed into the matrix Cl{z; N, k) via (34) using the 
choice of A given in (284), we define a new matrix R(z) as follows. Set 



R(z) ~ Q(z;iV,fc) 



1 =F«e 



J]^ (z - XN,n) 

nev 



\ 

/ 



for zenj, 



(287) 



R(z) := Q{z;N,k) 



(z - XN,n) 



V 



J]^ (z - XN,n) 
neA 



\ 



for 



(288) 



and for all other z € C \ S set R(z) := Q(z; TV, k). 

The significance of this explicit change of variables is that all poles have completely disappeared from 
the problem. Using the residue conditions (38) and (39) in conjunction with the "interpolation" identity 
(286), it is easy to check that R(z) is an analytic function for z G C \ E that takes continuous, and in fact 
analytic, boundary values on E. In fact, R(z) can easily be seen to be the solution of a Riemann-Hilbert 
problem relative to the contour E. This problem is sufficiently similar to that introduced in [FokIK91] for the 
continuous weight case that it may, in principle, be analyzed by methods like those used in [DeiKMVZ99a, 
DeiKMVZ99b] . We now proceed to describe the steps required for the corresponding analysis in the discrete 
case. 



4.3 Use of the equilibrium measure: the transformation Ti{z) S{z). 
4.3.1 The complex potential g{z) and the matrix S(z). 

The parameter c and the analytic functions V{z) and p'^(z) all influence the large N behavior of the orthogonal 
polynomials. Thus, we recall the equilibrium measure obtained in terms of these quantities in § 2.1, 
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and for x G Eq' U C [a, b] we define the piecewise real-analytic density function as follows: 

:= .; ^ (289) 



dx c 



ix)--p^^{x) , xeE^. 



We extend the domain of p to the whole interval [a, b], say by defining the function at its jump discontinuities 
to be the average of its left and right limits. Noting the denominators in (289) we recall that we have assumed 
without any loss of generality that limjv-»oo dN 7^ c. Since /i^j^ is a probability measure, and since we may 
equivalently express in the form 

dN= [ p°{x)dx, (290) 

we see that 

p{x)dx = l. (291) 
We also introduce the associated complex logarithmic potential 

5(z) := / \og{z - x)p{x)dx . (292) 



The logarithm in (292) is the principal branch; thus this function is analytic for z e C \ (—00,6]. As a 
consequence of (291), we have g{z) ~ log(2;) as z 00. The function g{z) takes boundary values on (—00, 6] 
that are Holder continuous with any exponent a < 1. 

Recall the constant 7 defined in (98). This constant remains bounded as — > 00. Consider the trans- 
formation 

S(z) := e(^^=+^)-3/2R(^)e(#A-fc)<,(.).3g-(iVf. +7)^3/2 (293) 

Now, the identity (291) implies that the exponential e^'^'^"'^^^^^^ is analytic for z e C \ [a, b] (in fact, since 
we are assuming a constraint to be active at both ends of the interval, the support of p{x) is a closed 
subintcrval of (a, 6) and we may replace [a, 6] by supp(p(a;)) in this statement). Thus, like R(z), the matrix 
S(z) is also analytic for z € C \ E, and the boundary values taken on E are continuous. However, since 
R(z)z^^'^^'^''^3 ^ I as z ^ 00, we see that S(z) satisfies the normalization condition 

S(z)=I + 0(-) asz^oo. (294) 



4.3.2 The jump of S(z) on the real axis. 

The point of introducing the equilibrium measure in this way is that the matrix S(z) satisfies jump conditions 
across the voids, bands, and saturated regions of [a, b] that are analytically tractable as a consequence of 
the variational inequalities that p-'^^^ imposes on SEc/Sp in the gaps. To describe these jump conditions, we 
first introduce for z G [a, b] the functions 

pb pb 

0{z) := 2TT{dN " c) p{s)ds and <f>{z) := -2ttk p{s)ds. (295) 

J z J z 

Recalling the upper and lower constraints on the equilibrium measure, the definition (289) implies that the 
function 6{z) is real and nondccreasing for z € E^ and real and nonincrcasing for z S S^. Next, for z € 
we define the function 



Ne°{z) 



neA 



Z - XN.'. 



Tv{z) := 2cos ( ) ^ -exp N 

[[{Z-XN.„j \ 



log\z — x\p^{x) dx — / \og\z ~ x\p'^{x) dx 



(296) 
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and for z £ Sq wc define the function 



Ta{z) ~ 2 cos 



nev 



J]^ (z - XN,,i) 
rieA 



exp 



log \z — x\p^{x) dx 



log \z — x\p^{x) dx 



(297) 

Note that both Tv(z) and Ia(z) are positive real-analytic functions throughout their respective intervals of 
definition (the cosine function cancels the poles contributed by the denominator in each case). 

Now, denoting the boundary value taken by 8(2:) on E from the left by S+(z) and that taken from the 
right by S_(2;), we can easily derive the relation 



S+(z) = S_(z) 



'y-ri{z)+K{g+{z)+g-(z)) 



exp N 



— (2)' 



V 







-iNe{z) -i(ti{z) 



(298) 



holding for z in any subinterval of Sq' . Similarly, if z is in any subinterval of , then 



S+(z) = S_(z) 



^-iNe(z)^-i4>(z) 



iTA{z)e'^'^^'>-''-^^s+iz)+g-iz)) g^p ( N 



SE, 



{z)~i. 





^iNe{z)^t(t,{z) 



(299) 



Here, g+{z) +g-{z) is the sum of the upper and lower boundary values taken by the complex potential g{z) 
on the real axis, and the variational derivative is evaluated on the equilibrium measure /x^;^. 

As z varies within a gap F, the definition (289) implies that the functions 9{z) and ^(z) remain constant. 
In particular, to each gap T we may assign a constant 



for zeV . 



(300) 



The constant values of 9{z) in the gaps have essentially already been defined. Recalling the definitions 
(87), (88), and (89) depending on whether F is (respectively) a void between two bands, a saturated region 
between two bands, or one of the intervals (a, ao) or (/3g, b), we see from (283) that 



e{z) 



mod — 

N 



(301) 



for z in any gap F. Note that the constants Or are by definition independent of the transition points Yat. 
Note also that 

e±^^'^^e^''>'^ ^1, whcnF= (a,ao) orF= (/?G,?>), (302) 

because #A and k are both integers. 

Now, for z in a void F, the strict variational inequality (77) holds. Subject to the claim that Ty{z) 
remains bounded as iV 00 (this claim is established in Proposition 4.3 below), we therefore sec that the 
jump matrix relating the boundary values in (298) is exponentially close to the constant matrix e 



as — > 00. Similarly, for z in a saturated region F, the strict variational inequality (81) holds, which shows 
that the jump matrix relating the boundary values in (299) is exponentially close to the constant matrix 

A band interval / can be contained in S^, in S^, or (if it is a transition band) partly in and partly 
in E^. Throughout /, the equilibrium condition (79) holds identically. Thus, for z G / n T,J , we have a 
factorization of the jump condition: 



S+(z) = S_(z 




-iT^{z)e 



'i-i){z)+ii{g+{z)+g-[z)) 



^-iN9(z)^-i<i,(z) 



S_(z)L_(z)J(z)L+(z), (303) 
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where for z E Eq^, 

/ rv(z)TV2 

L±(z) := I , (304) 

and 

I . (305) 

_jg'7(z)-7-K(9+(z)+9-(z)) g 

As noted earlier, the function T\!{z) is a strictly positive analytic function throughout / n S^, and we take 
T^{z)'^^/^ to also be positive. Similarly, for z g / n E^, (299) becomes 

S+(z) = S_(z) US-(z)U_(z)J(z)-iU+(z), (306) 

V zTA(2)e''^^^~''~'*^''+^^^+^"^''^^ ^iNe(z)^i4>(z) J 

where, for z G E^, 

/ Ta(2)±i/2 -irA(z)-i/2e7-^(^)+2«ff±(.)e±»we(.) \ 
U±(z) := , (307) 

V T^{z)^^'^ I 

and J(z) is defined as in (305). Note that since rA(z) is strictly positive for z E I d E^, we are choosing 
the square roots Ti\{z)^^/'^ to also be positive. 

4.3.3 Important properties of the functions T-\^{z) and T^{z). 

Here we establish for later use several properties of T^{z) and rA(z). We first introduce the related function 
Y{z) defined by 



J]^ (z - XN,n) 



Y{z) := exp N 



W_{z- XN,n) 



log(z — x)p°{x) dx — log{z — x)p^{x) dx 



(308) 



Ti6V 



for all z in the domain of analyticity of ^"^(2) with ^(z) ^ 0. 
We begin by explicitly relating T-^{z), Ta{z), and Y{z). 

Proposition 4.2 (Analytic Properties of T^{z), Ta{z), and Y{z)). There exists an open complex 
neighborhood G of the closed interval [a, 6] such that the following statements are true. 

1. T\j{z) admits analytic continuation to the domain D\j :~ (C \ (E^ U (—00, a] U [5, +00))) n G. 

2. T\{z) admits analytic continuation to the domain := (C \ (EJ U (—00, a] U [b, +00))) n G. 

3. Y{z) admits analytic continuation to the domain G \ [a, 6]. 

4- The function T-^{z) is real and positive for z £ E^ C -Dv o.^'d the function T/\{z) is real and positive 
for z G E^ C -Daj CLiT-d the continuations of Ty{z) and Ta{z) map the open domains and Da 
respectively into the cut plane C \ (—00, 0]. 

5. The square roots Tv(z)i/2 and Ta{zY^^ exist as analytic functions defined in the open domains Dv 
and Da respectively that are real and positive for z G Eq^ C Dv and z G E^ C Da respectively. 
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6. We have the identities 



rv(z)^/2rA(z)^/^ = T^{z)Y{z)-^ = TAiz)Y{z) = 1 + e''^'^"^^^ , for z ^ G with > 0, (309) 
and 

T^{zY'^Ta{zY''' = T^{z)Y{z)-^ = Ti,(z)Y{z) = 1 + e*^«°(^) , for z ^ G with 3(z) < 0. (310) 

These formulae hold also on the real axis in the sense of boundary values taken from the upper and 
lower half-planes. 

Proof. Wc take the domain G to be contained in the domain of analyticity of p^{z). Let z G Eq'. We then 
have 



\og\z — x\p^{x) dx — / \og\z ~ x\p^{x) dx 



hm 



\og{z ± ie — x)p'^{x) dx — / \og{z ± ie — x)p'^{x) dx 
sY J^i^ 



(311) 



where 



M 



p° (x) da; . 



(312) 



The integral M is a constant since z E E^, and by virtue of the quantization condition (283) it is an 
integer. This proves that Tv(2) may be analyticaUy continued from any subinterval of Eq' to aU of the open 
domain Dy? a-nd that the continuation does not depend on the particular subinterval of Eq' from which 
the continuation is performed. The analytic continuation of T/^{z) to the open domain Da is obtained in a 
similar way. The function Y{z) clearly admits analytic continution to z > 6, and for z < a we have 



,. Y(z + ie) ( 

hm — ^ '- = exp 2mN 

ej.0 Y{z - ie) \ 



(x) dx — P^{x) dx 



(313) 



where the last equality follows from the quantization condition (283) that determines the endpoints of the 
subintervals of Eq^ and E^. This proves statements 1,2, and 3. 

These arguments immediately establish several of the identities claimed in statement 6, namely that 
Tv{z)Y{z)-^ = TAiz)Y{z) = 1 + e-*^^''^^) for 9(z) > and that Tv{z)Y{z)-^ = TAiz)Y{z) 
for 3(z) < 0. Combining these, one easily obtains the identities 



1 + f.^Ne"(_z) 



T^{z)Ta{z) = (1 + e^ 



•f, for3(z)>0, 



and 



Tv{z)Ta{z) = (1 + e'^«°(-))2 , for 3(z) < 0. 



(314) 



(315) 



Let G+ and G_ denote the intersections of the neighborhood G with the upper and lower open half-planes 
respectively. By choosing G to be sufficiently small but independent of N, we may ensure (because the 
analytic function p^{z) is strictly positive for z <E [a,b]) that for all A'^ > the function w = 1 + e^*^^ 
maps the open set G± into the open disk jiy — 1| < 1. It follows that the image of G± under the map 
(1 + e^'^* (^^)^ is an open set disjoint from the negative real axis. In particular, from (314) we see that the 
analytic functions T-^{z) and Ta{z) have no zeros in the open set G+, and similarly from (315) we see that 
neither function has any zeros in the open set G-. Now, the strict positivity of 7v(z) for z e Eq^ is a simple 
consequence of the definition (296), and that of Ta{z) for z e E^ is a simple consequence of the definition 
(297). So while T\j{z) has no zeros in G away from the real axis or in E^, (314) and (315) show that the 
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boundary values taken by T\j{z) on any subinterval of from above or below have many double zeros. 
Similarly, the boundary values taken by Ta(2) on any subinterval of Sq' have many double zeros. However, 
it is clear from the preceding statements and from (314) that if C is a contour homotopic to a subinterval of 
T,Q that lies (with the exception of its cndpoints) in the open upper half-plane, and if C is close enough to 
the real axis, then T\j{z) maps C into the cut plane C \ (—00, 0]. If instead C lies in the lower half-plane, 
then (315) shows that it is again mapped by T\j{z) into the cut plane C \ (— oo,0] if it lies close enough 
to the real axis. Similar arguments show that contours in _Da homotopic to subintervals of Sg' and close 
enough to the real axis are mapped by T\{z) into the cut plane C \ (—00, 0]. This is sufficient to establish 
statement 4. 

Statement 5 follows from statement 4 with an appropriate choice of the square root. The remaining 
identities in statement 6 are then obtained by taking the square root of (314) and (315) and choosing the 
sign to be consistent with taking the limit z — > yk,N in which the left-hand side is positive. □ 

In a suitable precise sense the functions T-^{z), T^(z), and Y{z) may all be regarded as being approxi- 
mately equal to one when N is large. This is the content of the following proposition: 

Proposition 4.3 (Asymptotic Properties of T-^{z), Ta{z), and Y{z)). There exists an open complex 
neighborhood G of the closed interval [a, 6] such that the following statements are true. 

1. (Asymptotics away from the boundary.) For any fixed compact subset K C := (C\ (E^ U (—00, a] U 
[6, -l-oo))) n G, there exists a constant G^ > for which the estimate 

sup|rv(z)-i|<^, 

holds for all sufficiently large N . Similarly, for any fixed compact subset K C i?A := 
(—00, a] U [5, +00))) n G, there exists a constant G^ > for which the estimate 

sup|Ta(z)-1|<^, 



(316) 



\ i^J u 



(317) 



holds for all sufficiently large N . Finally, for any fixed compact subset K C G\ [a, b], there is a constant 
Ck > for which the estimate 

sup|y(0)~l|<%, (318) 

holds for all sufficiently large N . 



2. (Asymptotics near z = a and z = b.) If K C G is a compact neighborhood of z = a and is bounded 
away from K , then ther 
for sufficiently large N , 



away from K, then there is a constant C^'° > and for each d > there is a constant G^'g such that 



sup 

zeif,! arg(2— a)|<7r 



sup 

zGK^5<\ arg(s — a) I <7r 



Y{z)~ 



2ne-^^Ct 



whe 



r(Ca + 1/2) 
r(i/2-Ca) 



< 



c 



27reC.(-Ca)-«" 
Ca:=N I p°(s)ds. 



K 



N 



< 



G 



K,S 



(319) 



N 



(320) 
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If instead it is Tiq that is bounded away from K, then there is a constant C^'° > and for each S > 



there is a constant C^'g > such that for sufficiently large N , 



sup 

z£K.\ arg(2 — a)|<7r 



sup 

z^K.S<.\ arg(s — a)|<7r 



TAiz) - 



r(Ca + 1/2) 
r(i/2-Ca 



< 



■'K 



N 



2^eC"(-Ca)-f" 



C 



< 



A, a 
K.S 



(321) 



N 



Similarly, if K C G is a compact neighborhood of z = b and is bounded away from K , then there is 



a constant C^'^ > and for each 6 > there is a constant C^'g > such that for sufficiently large N, 



sup 

z£K,\ arg(6-z)|<7r 



sup 

zeK,5<\ arg(h-z)|<7r 



Yiz)- 



2-Ke-'^''Ct 



r(Cb + 1/2) 
r(i/2-C6) 



< 



c 



V.b 
K 



N 



2TTe'^>'{-Cbyi'' 



< 



N 



(322) 



where 



Cb-^N p%s)ds. 



(323) 



// instead it is Sg^ that is bounded away from K , then there is a constant Cj^' > and for each S > 



there is a constant C^'g > such that for sufficiently large N , 



sup 

zGK,\ arg(6— I <7r 



sup 

z£K,S<\ arg(fc-z)|<7r 



Proof. For z, x G G, let 



D{z,x) 



Ta{z) 
Y{z)-' 

1 



2ne-'^>-C^'' 



nCb + 1/2) 

r(i/2-Cb) 



< 



c 



A,b 
K 



N 



z — X 



27reff(-C6)~'^'' 



p°(s)ds. 



C 



< 



A.b 
K,5 



(324) 



N 



(325) 



This function is analytic in both variables, and since D{z, x) is strictly positive for z and x both in [a, b] we 
may choose G to be a sufficiently small neighborhood of [a, b] to ensure that ^{D{z, x)) is strictly positive for 
all z and x in G. In particular, D{z,x) is nonzero. It follows that log{D{z, x)) is well-defined as an analytic 
function for z and x in G. Next, we define an analytic function for .t € G by the integral 



m{x) 



p"{s) ds. 



(326) 



since p'^{s) is strictly positive in [a, 6], there is a unique analytic inverse function which we denote by x{m) 
which is defined for m G rn{G), where m{G) is an open complex neighborhood of [0, 1]. It follows that 



dm? 



\og{D{z,x{m))) is uniformly bounded for z € G and m G m{G). 



(327) 



Using this fact, we see that there are constants G^ > and > such that for sufficiently large N 

iQg{U{Z,X{s)))dS- 2_^iOg{U{Z,X{SN,n)))— < 
'™(So'') nGV 



sup 

zeG 



iV2 



(328) 
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and 



where 



sup 

zeG 



log(£'(2;, x{s))) ds - ^ \og{D{z, x{sn.„))) 

riGA 

2n+ 1 



A 



< 



C 

7p 



2N 



(329) 



(330) 



Indeed, these estimates follow from (327) because the sums are Riemann sum estimates of the corresponding 
integrals with the midpoints SN,n of the subintervals (n/N, {n+l)/N) chosen as sample points. The midpoint 
rule is second-order accurate if the second derivative of the integrand is uniformly bounded. The constants 
and depend on max |(9^/9to^) \og{D{z, x{m)))\ for z € G and m g ni{G). 
For z £ Eg' we define 



(m(z) - SN.n) 



f^{z) := 2cos(7r7V-7r7Vm(z)) 



nGA 



X exp N 



(m(z) - SN,n) 



log |to(z) — s| ds — / \og\m{z) ~ s\ ds 



(331) 



which is extended by analytic continuation to z G D^. The estimates (328) and (329) imply that uniformly 
for all z G -Dv: 

Tv(z) =f'v(z) (1 + ) ) asiV^oo. (332) 



N 



Indeed, some straightforward calculations show that 
'Tv(z) 



log 



Tv(z) 



= (Y,\0g{D{z,XN.n))'N [ 

Vnev -^"(5^0 
- \ y^\og{D{z,XN,n))-N [ 

\neA ^'"(So^ 



\og{D{z,x{s)))dsj 

\og{D{z,x{s)))ds , 



(333) 



from which (332) follows. Similarly for z G we define 

Y[ {jn{z) - SN,n) 



TAiz) := 2cos{ttN - TTNm{z)) 



(m(z) - SAr,„) 

raSA 



(334) 



\N j log |m(2;) - s| ds - / log 



X exp 

which is extended to z G I?a by analytic continuation, and we have 

1 



|m(z) — s\ ds 



Ta{z)=Ta{z) l + O 



as — > (X) , 



(335) 



holding uniformly for z G -Da- The uniform asymptotic relations (332) and (335) effectively reduce the 
asymptotic analysis of the hmctions T\j{z) and T/s^{z) to that of the functions T^{z) and Ta(z). This is 
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advantageous because the discrete points sjy^n sue equally spaced while the nodes a;jv,Ti are not necessarily 
so. 

Thus it remains to study Tsj{z) and T/s^{z). We will consider T-^{z)^ since the analysis of T^{z) is similar. 
Assume that ii' is a compact subset of the open set Dsj . Let 

1 



5k 77 inf |z — w| > 

2 zeA'nE,Y,tuGS^U{a,fc} 



(336) 



be half the minimum distance of K n from the boundary of E^. Also, define the open covering U by 



U := IJ {z-5k,z + 5k) 



and \ci F ^ U be the closure. Finally, set 



inf |9(z)|>0. 

zeK,lR(z)iF 



(337) 



(338) 



This is strictly positive because K is compact and can only touch the real axis in the interior of subintervals 
of Sq^. Thus, each z £ K satisfies either |9(z)| > ca > (because ^{z) ^ F) or 



inf \w-n{z)\>5K >0 

ujGE^U{a,6} 

(because 3?(z) e F). 

We may extend 2^(2) into the complex plane from Y,^ by the following formula: 

In I log{m{z) - s)ds - ^log{m{z) - SN,,i)-^ ) 



(339) 



X exp 



(340) 



X exp 



log{m{z) 



sn, 



.n£A 



)1_ 



log(m(z) — s) ds 



Suppose that for some e > 0, we have |5(z)| > e, a condition that also bounds '^{m{z)) away from zero. 
Therefore log(m(2;) — s) has a second derivative with respect to s that is uniformly bounded for all s € [a, b]. 
The bound on the second derivative will depend on e and the function p'^{s) used to define the function m(z). 
In any case, an argument involving midpoint-rule Riemann sums shows that the second and third lines of 
(340) are each uniformly of the form 1-|-0(1/A^) as A^ — > 00 for |3(z)| > e. Furthermore, a Cauchy- Riemann 
argument shows that the first line of (340) is exponentially close to one as A^ — > (X) for 2; G G with |3(z)| > e. 
Thus we have shown that there is a constant > such that for sufficiently large N, 



sup \Tv{z) 

zGG,|a(z)|>e>0 



ll<^. 

' - A^ 



(341) 



Next suppose that 5ft(z) S Eq , bounded away from Eg U {a, 6} by a distance 5 > 0. Let J denote the 
maximal component interval of E^ that contains 3fi(z), and suppose that the corresponding index subset of 
V consists of the contiguous list of integers A, A + 1, . . . , B — 1, B. Then, from the representation (340), one 
sees once again by a midpoint-rule Riemann sum argument that the factor on the third line of (340) is of the 
form 1 -|- 0{1/N) as A^ ^ 00 with a constant on the 0(1/A^) term that depends on 5. A similar argument 
applies to the factor on the second line of (340) with the exception of the contribution of the integral over 
J and the corresponding discrete sum. Thus, uniformly for ^(z) as above, we have 



Tviz)^T4iz) [1 + 



as A^ 



00 , 



(342) 
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where 



T^iz) := ^- ^ exp ( TV / log(m(z) - s) ds ) . (343) 



nf 



Nm{z) ^ n — — 



A 



n=A ^ 

Evaluating the integral exactly and rewriting the product in terms of the Euler gamma function, this becomes 

r (Nm{z) - B-- 

f^iz) = 2(-l)^+ie-(^+i-^)— ) ^cos(7r7Vm(z)) 

T (Nm{z) - A + - j (344) 

y JNm{z)-A) log{Nm{z)-A) (B + 1-Nm{z)) log(B+l-Afm(z)) 

AC C , 

and with the use of the reflection identity r(l/2 + z)r(l/2 — z) = 7rsec(7rz), we get 

f4i^) = — ,x X 7X ■ (345) 

r f Nm{z) - ^+ -jrfs + l- Nm{z) + - 

Now the condition that 5R(z) be bounded away from the endpoints of J by at least S > fixed implies that 
Nm{z) — A+1/2 and B + 1 — Nm{z) + 1/2 are both quantities in the right half-plane that scale like N\ an 
application of Stirling's formula then gives, uniformly for such z, 

f^{z) = l + o(^^ asiV^oo. (346) 

Taking 5 = 5k and e = then completes the proof of (316), that Tsj{z) — 1 is uniformly of order 1/iV as 
N ^ oo for z £ K, where K is bounded away from (— oo, a) U U (5, +oo). Analogous arguments establish 
the corresponding result (317) for Ta{z). Using (309) and (310) then proves (318). Thus statement 1 is 
established. 

If ii' is a compact set containing the left endpoint z = a and bounded away from (so that the lower 
constraint is active at the left endpoint), then one may follow nearly identical arguments to arrive at the 
asymptotic relation (342) now holding uniformly for z £ K, where J is the leftmost subintcrval of and 
f^{z) is defined by (343). In this case we have A — 0, so we only expand the gamma function involving B. 
This proves the first line of (319); the second line follows upon using (309) and (310). On the other hand, if 
K contains z = b where the lower constraint is active, then again we have (342) holding uniformly for z G K 
where now J is the rightmost subintcrval of . Thus, B = N — 1 and we only expand the gamma function 
involving A to prove (322). The analogous statements (321) and (324) are proved similarly. Thus statement 
2 is established. □ 



4.4 Steepest descent: the transformation S{z) — > X(2;). 

Now, from any band interval / H Eq^, the matrix L_|-(z) admits an analytic continuation into the upper half- 
plane, and the matrix L_ (z) admits an analytic continuation into the lower half-plane. Since the function 
9{z) is real and increasing in / n Eg^, its analytic continuation from /, which we denote by Oj (z), will have 
a positive imaginary part near the real axis in the upper half-plane, and a negative imaginary part near the 
real axis in the lower half-plane, as a simple Cauchy-Riemann argument shows. Thus, the factors e^^^^' '^^^ 
present in 'L±{z) continued into their respective half-planes become exponentially small as A'^ — *■ oo. Subject 
to the claim that the analytic function Tv(z) — 1 remains uniformly small upon analytic continuation, we see 
that the analytic continuation of 'i-'+{z) and L_(z) into the upper and lower half-planes respectively become 
small perturbations of the identity matrix. 
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Similarly, from a band interval / H S^, the analytic continuation of the matrix U_(z) into the upper 
half-plane and that of \J^{z) into the lower half-plane will be small perturbations of the identity matrix 
in the limit oo, because the real function 9(z) is strictly decreasing. This implies that the analytic 

continuation of 9{z), which in this case we refer to as 9'j^{z), has an imaginary part that is positive in the 
lower half-plane and negative in the upper half-plane. 

Therefore, if the factors U+(z) and L_|_(z) can be deformed into the upper half-plane, and at the same time 
if the factors U_(z) and L_(2;) can be deformed into the lower half-plane, then the rapidly oscillatory jump 
matrix for S(z) in the bands will be resolved into near-identity factors and a central slowly- varying factor. 
This idea is the essence of the steepest descent method for matrix Riemann-Hilbert problems developed by 
Deift and Zhou. 

To carry out the deformation, it will be convenient to introduce some explicit formulae for the analytic 
continuations Oj {z) and 9f{z). If / C Eq^ is a band containing a point (or endpoint) x, then we have 



3j{z) ■.= 9{x) + 2-Kc I tpi{s)ds. 



(347) 



If /C is a band containing a point (or endpoint) x, then we have 



\z) 9{x) - 2iTc / V/(s)ds 



(348) 



If / is a transition band, then it is divided into two halves, /n Eq' and /n E^, by the transition point yk,N 
therein. From /n Eq' we obtain a continuation 9^ [z) of 9{z) using the formula (347) for x £ / n Eq', and 
from / n E^ we obtain a continuation 9f{z) of 9{z) using the formula (348) for x € / n E;^. 

Based on the factorizations (303) and (306), we now carry out the steepest descent deformation, intro- 
ducing a final change of variables defining a new unknown X(z) in terms of 8(2;) with the aim of obtaining 
a jump condition for X(z) in the bands involving only the matrix 3{z). Let Esd be the oriented contour 
illustrated in Figure 10. For each band interval / C {a,b), we make the following definitions. If z lies in 



3(z) 



n(z) 

= e 



a 



(z) = yi,N 



9(0) = -e 



(z) = y2.N 



Figure 10: The oriented contour Ego consists of the interval [a, b], corresponding horizontal segments ^(z) = 
±e, and vertical segments aligned at the edges of all band intervals. The dashed vertical lines separating the 
yellow and blue regions are not part o/EgD. 

the open rectangle / n E^ + i{Q, e) (these are the blue-shaded rectangles lying in the upper half-plane in 
Figure 10) we set 

/ Tv(z)i/2 \ 

X(z) S(z) . (349) 

V -iTv(z)-i/2e'K^)-7-2Ks(.)g.Jve7(.) Tv(z)-i/2 / 

If z lies in the open rectangle / n Eq' — i{0, e) (these are the blue-shaded rectangles in the lower half-plane) 
we set 

Tv(2)V2 
X(z) := S(z) I I . (350) 
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Next, if z lies in the open rectangle /n + i(0,e) (these are the yellow-shaded rectangles in the upper 
half-plane) we set 



S(z) 



TaW^/" 



(351) 



And if z lies in the open rectangle / n — i(0, e) (the yellow-shaded rectangles in the lower half-plane) we 
set 



X(z) S(z) 



rA(z)-l/2 ,T^(^)-l/2g7-r,(.)+2.3(.)g,Wef(.) 







Ta(z)1/2 



Finally for all remaining z e C \ Ssd we set 



4.5 Properties of X(2;). 



X(z) :=S(z). 



(352) 



(353) 



This change of variables is the last of a sequence of exact and explicit transformations relating P(z; A^, fc) to 
Q(z; iV, fc), Q(z; A^, fc) to R(z), R(^) to 8(2), and finally 8(2) to X(2). For future reference it will be useful 
to summarize this sequence of transformations by presenting the explicit formulae directly giving X(z) in 
terms of P(2;; A^, fc), the solution of Interpolation Problem 1.2. In general, the transformation may be written 
as 

X(z) = e(^^=+'')^^/2p(z; AT, fc)D(z)e(^(''"-^)-'^)s(^)"^e-(^^=+^)'^-^/2 , (354) 

where the matrix D(2) takes different forms in different regions of the complex plane as follows. For z in 
the unbounded component of C \ Ssd, we have 



D(z) := 



TieA 



(355) 



neA 



For z in the regions such that 5R(z) lies in a void of [a, 6], we have 



D(z) 



nev 



z — a; AT , 



)- \ 



V 



(z - X7V,«) 



(356) 



neA 



For z in the regions fJ^ such that 3fi(z) lies in a saturated region of [a, 6], we have 



D(z) 



n6A 



(Z - XN,n) n 
n6V ngA 



(357) 
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For z in the regions fij such that 5R(z) hes in a band / of [a, 6] (the blue regions in the upper half-plane in 
Figure 10), we have 



_ J^^(^^^yl/2^N{l,-2(dM-c)g(z)-V(z)+i9Y(z)-^0'>(z)/2) ^^f^ 

nGV 

nev 

^22^ := T^{z)-^/^\{{z~XN,n). 



Z-XN,n) S 



(358) 



For 2; in the regions JlY such that 5R(z) lies in a band / of [a, h] (the blue regions in the lower half-plane in 
Figure 10), we have 



(359) 



Dii{z) T^{zY'^X{{z~XN.n)-^ 

neA 

- rv(z)-i/2e^(^=-2('^«--)9(-)-^(-)-<(^)+''«°W/2) Yl{z XN,n)-' , 

nev 

DM^) := zTv(z)-i/2e-''(^)e-^(^(^)-'^°W/2) n(^-^^-)"'' 

nGV 

D2iiz) := zTv(z)-i/2e''(^)e^(^=-2(''"-^)s(^)-<W) [](z-.Tjv,„), 

nGA 

D22iz) := Tv(z)-i/2 [](z-.Tjv,„). 

neA 

For z in the regions il^ such that 5ft(-z) lies in a band / of [a, b] (the yellow regions in the upper half-plane 
in Figure 10), we have 

Diiiz) TAizy'^^lliz-XN.nr', 

nSA 



Di2iz) -^TA(z)-i/2e-"(-)e-^(^-2(d„-c)<,(.)+<(.)) Y[{z-XN,n)-\ 

neA 

i^2i(^) -zTA(z)-i/^e''(^)e^(^W-^"(^)/2)n(^-^^.n), 

nGV 

-022(2) Ta(z)1/' n^^-^^.") 

neA 

- TA(2)'i/2e-^(^^-2(d„-c)g(.)-y(.)-h<(.)-h.e°(.)/2) -Q _ ^^^^^ 



(360) 



nGV 
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Finally, for z in the regions fi^ such that 5R(z) lies in a band / of [a, &] (the yellow regions in the lower 
half-plane in Figure 10), we have 



D2l{z) 
D22{z) 



TA{z)-'/^Y[iz~XN,n)-\ 
neA 

irA(^)-'/'e-''(^)e-^(^=-2('^«-^)s(^)-<(^)) l[{z- XM^n)-' 

nSA 



(361) 



TAizy/^l[iz-XN,n) 

- TA(2)-i/"e-^(^=-2('^~-^)''(^)-^W-'^"(^)-'^"(^)/2) -Q _ ^ 

Unlike the contour S, the new contour Esd does not contain the vertical segments Yjy ± i(0, e) that 
form the common boundary of the yellow and blue rectangles and that are illustrated with dashed lines in 
Figure 10. Since the matrix X(z) is defined by different formulae in the yellow and blue regions, one should 
suspect that X(z) cannot be defined on the common boundary so as to make X(z) continuous there. In 
other words, it would seem that there should be a jump discontinuity of X(2:) on these vertical segments. 
On the contrary, we have the following result. 

Proposition 4.4. The matrix X.{z) defined from (349)-(353) extends to a function analytic in C\S]sD- In 
particular, X(z) is continuous and analytic on the vertical segments Yn ± i(0,e). Moreover, on each subset 
of SsD that contains no self-intersection points, the matrix-valued ratio of boundary values taken by X(z) is 
an analytic function of z. 

Proof Let X^-+{z) denote the matrix X(z) defined by (354) with D(2) given by (358), and let X^'+(2) 
denote the matrix X(z) defined by (354) with D(z) given by (360). We wih show that X^-+{z) and X^'+(z) 
are the same analytic function in the common region < 3(2) < e and 3?(z) G J, where / is a transition 
band. By direct calculation, we obtain 



where 

Atiiz) 



{N{dM-c)-:i)g{z)a3^-{Ne^+'y}a3/2^V,+ ^^ylj^A,+ ^^-^^iN£^+'-f}a3/2^-iN{dt,-c)-K}giz)a3 ^ A+(z) , (362) 

1 + ^-^N0°(^) ^ 
12 ' 



Tvizy/^TA{zy/^ ' 



At2i^) 

At2{z) 



ie-n{z)^-N{i,^2{d^~c)g{z)+t0f(z)) 



l + e 



T^{zy/^TA{zy/^ 



^^Vi^) gN{e,-2{dr,-c)g{z)+iey (z)) 



Tv{zY'^Ta{zY' 



, F^{z)-' 



1 ^-iNe°(z) 

rXy/^TAizy/^ '^^ + Tv(z)^/^Ta(z)V2 _ e-^^^°(^) [F+(z) + F+(z)] 



(363) 
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and where 



neA 



nGV 



^N{i,-2idN-c)giz)+i9Yiz)-V(z)+ie°{z)/2) 



(364) 



Fliz) 



nev 



TAizY^' l[iz~ XM,n) 
neA 



-N{i,-2{dM-c)g{z)+ief{z)-V{z)-ie°{z)/2) 



Now, taking the base points x in the formulae (347) and (348) to both coincide with the transition point 
yk,N in the transition band /, then recaUing (80) and using the quantization condition (283), and finally 
comparing with the definition (129) of 0°(z), we obtain the identity 



(365) 



Taking this identity into account, along with the identity (309) from Proposition 4.2 valid for ^(z) > 0, we 
therefore see that the matrix elements (363) simplify: 



AUz) 



At2{^) 



At2{^) 



1 



l^-n{^)f,-N(ea-2{dM-c)g{z)+ief{z)) _ 

^^v(z)^N(l^-2(dM-c)g(z)+ieY(z)) _ p+ ^^^Yl^^ 

l + [2-F+(z)-F+(z)] . 



(366) 



Thus, to show that X'^'+(z) = X.^'+(z), it suffices to show that F^{z) = 1 and F^{z) = 1. 

Let us calculate the boundary value taken by the function F^{z) on the real interval / n Yi'q from the 
upper half-plane. For such z, we have three facts at our disposal, namely the identity Oj (z) = 0{z), the 
identity (309) from Proposition 4.2, and the formula (296). Applying these, and in particular first using the 
latter to eliminate the ratio of products in the definition (364) of F^{z), we obtain simply 

F+(z)=cxp(iV / \og\z-x\p^{x)dx- \og\z-x\p^{x)dx + £c-2{dN-c)g+{z)+i9{z)-V{z) ] 

(367) 

where g+{z) indicates a boundary value taken from the upper half-plane. Using (289), (292), and (295), we 
see that for real z £ [a,b], 



2{dN — c)g+{z) — i6{z) ^ —2c / log\z — x\dfi'j^^i^{x) +2 / \og\z — x\p{x) dx . 



Therefore, recalling (58) and (73), wc have simply 

F+(z)=cxp(7V 



5fi 



(z) 



(368) 



(369) 



where the variational derivative is evaluated on the equilibrium measure p^'^^^- It follows that F^{z) — 1 
as a consequence of (79), since z is in a band /. By analytic continuation this identity holds in the whole 
region < 3(z) < e with '^{z) € /. 
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We may also compute a boundary value of the function F'^{z), letting z tend toward the real interval 
/ n T,Q from the upper half-plane. In this case, instead of (296), we use the identity (297) to eliminate the 
ratio of products, and wc may write Of{z) = 9{z). The rest of the argument is exactly the same, and we 
thus deduce that the identity F'^{z) = 1 holds for z G / n Sj^ in the sense of a boundary value taken from 
the upper half-plane. But by analytic continuation it also holds in the whole region of interest: < '^(z) < e 
and ^{z) S /. This completes the proof that X(z) has no jump discontinuity along the vertical segments 
between the blue and yellow regions illustrated in the upper half-plane in Figure 10. 

Now let X^-{z) denote the matrix X(z) defined by (354) with D(z) given by (359), and let X'^'"(2) 
denote the matrix X(z) defined by (354) with D(z) given by (361). We will now show that X'^'^(z) and 
X^'~(z) are the same analytic function in the common region — e < 3(z) < and 5R(z) G /, where / is a 
transition band. As before, by direct calculation we have 



g(Ar(dN-c)-K)s(2)a3g~(JV£e+7)'T3/2;j^V,-(-^-)-l-j^A -^^^g(Af<!c+7)<^3/2g-(JV(djv-c)-K)g(z)<T3 ^ A"(z) . 

where 



(370) 



and where 



Tv(^)i/2Ta(z)i/2 



jg-')(^)g-JV(£,-2(d„-c)ff(z)-zef (z)) 



T^{zy/^TAizy/^ 

1 + e^N9'>{z) 



(371) 



rv(^)l/2TA(2)l/2 



I _^ ^iNe°(z) 



iN{e 



Tv(z)i/2Ta(z)i/2 

ta(^)'/' n - ^^■") 



n^}-OYiz)) _^ r^(^)l/2j.^(^)l/2 _ ^^Neiz) ^ 



F^{z) 



neA 



Tvizy/^l[iz-XN,n) 
Tviz)'^^ l[iz-XN,n) 



^N{t,-2{dN-c)g[z)-ieY(z)-V(z)-ie'>{z)/2) 



(372) 



F^{z) ■■= 



rieV 



T^{zf'^\{{z~XN.n) 

riGA 



^-N(la-2{dN-c)g(z)-t0f(z)^V{z)+i0°{z)/2) 



Taking from Proposition 4.2 the identity (310), vahd for 3(z) < 0, and using the identity (365), these 
formulae simplify: 



(373) 



A^iiz) 


= 1 








AY2{z) 




fc-2(d„-c)g(z 


-i0f{z)) _ 


FKizy' 


A2i{z) 




2(dN-c)g(z)-il 


'^'(^)) [F^{z) 




^22 (^) 




[2~F^{z)- 


-F^{z)\ . 





Therefore again the problem reduces to showing that Fy (z) = 1 and F^ (z) = 1. 
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Taking the boundary value of the function Fy (z) from the lower half-plane on the real interval / n Sg^, 
we may substitute for the ratio of products from (296) and use the identity (310) from Proposition 4.2 along 
with ej{z) = 9{z). Since (289), (292), and (295) imply that that for all real z G [a, 6], 



2{dN ~ c)g_{z) + i9{z) ~ ~2c I log — a;| d/^f„i„(x) + 2 / \og\z ~ x\p^ {x) dx . 



(374) 



where g-{z) indicates a boundary value taken from the lower half-plane, the definitions (58) and (73) along 
with the equilibrium condition (79) show that F^{z) = 1 in the sense of a boundary value taken from the 
lower half-plane on / H Sq^ . But by analytic continuation, this identity also holds throughout the region 
-e < 9(z) < and ^{z) e /. 

To show that F^{z) = 1 in the region — e < 3(z) < and 5R(z) £ /, we repeat the above arguments 
but take the boundary value from the lower- half plane in the interval If] E^, where the identity (297) may 
be used to eliminate the ratio of products and where the identity Of{z) = 9{z) holds. This completes the 
proof that X(z) has no jump discontinuity along the vertical segments between the yellow and blue regions 
illustrated in the lower half-plane in Figure 10. □ 



< Remark: Part of the significance of Proposition 4.4 is that all essential dependence on the set Yao-, the 
choice of which was somewhat arbitrary, has disappeared. In particular, when we approximate X(z) in the 
limit of large N , we will be able to obtain error estimates that are of the same magnitude regardless of the 
number of transition points, or indeed regardless of whether there are any transition points at all. This is an 
improvement over the bounds stated in our announcement [BaiKMM03] which identified different estimates 
in two cases (there called Case I and Case II) depending on whether any transition points are present. > 

Having defined the matrix X(z) explicitly in terms of the solution P(z; k) of Interpolation Problem 1.2 
by the formula (354) with D(z) given by (355)^(361) allows us to replace that problem with an equivalent 
problem for the new unknown X(z). This is advantageous because the problem whose solution is X(z) 
is more amenable to analysis. In order to correctly pose the problem, we must introduce some additional 
notation for particular segments of Esd- Vertical segments of Esd that are connected to band endpoints will 
be denoted by Sq^ or E^j. depending on whether the endpoint lies in Eq^ or E^; the additional subscript 
indicates whether the segment lies in the upper (-I-) or lower (— ) half-plane. Horizontal segments lying above 
(below) bands will be denoted by E7+ (E/_). Horizontal segments lying above (below) voids will be denoted 
by Ep_|^ (Ep_). Horizontal segments lying above (below) saturated regions will be denoted by E^^ (E^_). 
Finally, each vertical segment passing through an endpoints a or 6 will be denoted by the same symbol as 
the component of Ego to which it is joined at |3(z)| = e. See Figure 11. 
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Figurc 11: Components of the oriented contour Esd- 

The problem equivalent to Interpolation Problem 1.2 is the subject of the following proposition. 

Proposition 4.5. The matrix 'K.{z) defined by (354) and (355)-(361) is the unique solution of the following 
Riemann-Hilbert problem. 

Riemann-Hilbert Problem 4.6. Find a 2 x 2 matrix X(z) with the following properties: 
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1. Analyticity; X(z) is an analytic function of z for 2 € C \ Esd- 

2. Normalization; As z 00, 

X(z) =:I + 



(375) 



3. Jump Conditions; X(z) takes uniformly continuous boundary values on Ego from each connected 
component ofC\ Ego. For each non-self-intersection point z € Ego we denote by X_|_(2:) pi—{z)) 
the limit o/X(u)) as w ~> z from the left (right). Letting g+{z) + g-{z) for real z denote the sum of 
boundary values taken by g{z) from the upper and lower half-planes, the boundary values taken on EgD 
by X(2) satisfy the following conditions. For z in a void T C Eq', 



X+(z)=X_(z) 



(.^Nergi<^>r 

For z in a saturated region T C E^, 

/ g-sWerg-#r 

X+(z)=X_(z) 
For z in any band I , 

X+(z) = X_(z) 



(376) 



(377) 



_^g7-';(z)+K(9+(z)+g-(2:)) 
_jg'K2)-7-K(9+(2:)+S-(2)) Q 



(378) 



For z in any vertical segment Eq^ meeting the real axis at an endpoint zq of a band I, 



\ 



-iTv(z)"^/2e''(^')-''-2«f(^)e=^'^^(^°'exp ( ±27ri7Vc / i^i{s)ds] Ty{z)^^' 



X+(z) = X_(z) 



For z in any vertical segment E^ meeting the real axis at an endpoint zq of a band I , 



X+(z) = X_(z) 



Ta{z)^'/^ -zTAiz) 



V 



-l/2^7-r,(z)+2Kg(z)^q:iAr6((2:o) 



expl±2niNc / ipi{z)ds 



For z in any segment Ep_|_ parallel to a void T C Eq' or with 5R(z) ~ a or 5R(z) = b, 



X+(z)=X_(z) 



1 iy(^)e'y-'j(-^)+2'^ff(^)e=F^^ergTiJVeO(z)g-7Vfr(z) 

1 



/ 

(379) 

\ 
/ 

(380) 
(381) 



For z in any segment Ep_|_ parallel to a saturated region T C Eq or with 3?(z) = a or 5R(z) = b, 



X+(z)=X_(z) 



1 

iy(z)"ie''(^)-^"2''f(-")e=^'^^rgTjAfe°(2)e-^Cr(z) i 



(382) 
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To express as concisely as possible the relationship between the boundary values taken by X(2) on 
segments parallel to a band I it is convenient to choose some fixed y € I and then define yjq for 
each N £N by the rule 

rVN r rv 1 

(383) 



N / p°{x)dx = 



N / p"{x)dx 



which may be compared with (283). Thus, if I is a transition band we may take y^ to be the transition 
point yk,N S Yn contained therein. Otherwise we may think of y^ as a "virtual transition point" . With 
the sequence {ywl^^Q so determined, we have that for z in any segment E/j- parallel to any band I , 



vtiz) Tviz)-^/' 



±1 



(384) 



where 



vfiiz) 



T«rA(0)"^/^e''-''(^)+2'^f(^)eT«JVffe„) , ^27riNc I V'/(s) ds 



Vn 



T^T^{z)~'/'e 



l/2^ri{z)—i-2Kg{z)^±tNe{vN) 



cxp I ±27riAfc / tpj{s)ds 
V Jvn 



(385) 



Proof. The domain of analyticity of X(z) is clear from the nature of the definition (354) with (355)-(361), 
and from Proposition 4.4. The normahzation condition follows from the corresponding normalization of 
P{z;N,k) and the from (291). The continuity of the boundary values is obvious everywhere except on the 
real axis, but here the poles in P{z; N, k) are cancelled by corresponding zeros in the boundary values of 
T^{zy/^ and T^iz)^^^. Finally, the jump conditions are a direct consequence of the continuity of P(z; N, k) 
and the known discontinuities of D(z). 

This shows that X(z) defined by (354) with (355)-(361) indeed satisfies all of the conditions of Riemann- 
Hilbert Problem 4.6. The uniqueness of the solution follows from Liouville's Theorem because the matrix 
ratio of any two solutions is necessarily an entire function of z that tends to the identity matrix as z — > oo. □ 



5 Asymptotic Analysis 

In this section we provide all the tools for a complete asymptotic analysis of discrete orthogonal polynomials 
with a large class of (generally nonclassical) weights, in the joint limit of large degree and a large number of 
nodes. These results will then be used in § 6 to establish precise convergence theorems about the discrete 
orthogonal polynomials and in § 7 to prove a number of universality results concerning statistics of related 
discrete orthogonal polynomial ensembles. 

5.1 Construction of a Parametrix for X(2;). 
5.1.1 Outer asymptotics. 

Our immediate goal is to use the deformations we have carried out to construct a model for the matrix X(z) 
that we expect to be asymptotically accurate pointwise in z as — > oo. The proof of validity will be given 
in § 5.2. 

The basic observation at this point, which we will justify more precisely in § 5.2, is that the jump matrix 
relating X_|_(z) and X_(z) in Riemann-Hilbert Problem 4.6 is closely approximated by the identity matrix in 
the limit N oo for z S Ssd\ [o; b]. Moreover, the jump matrix in any gap F C [a, b] is closely approximated 
in the same limit by a constant matrix e^'^^^o-sg-i^ro-s ^ Neglecting the errors on an ad-hoc basis leads to a 
model Riemann-Hilbert problem. 
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Riemann-Hilbert Problem 5.1. Let {Tj = (/3j_i, aj) ,for j = 1, . . . ,G} denote the set of interior gaps 
in (a, b), and let the bands be denoted by {Ij — (aj, (3j) ,for j = 0, . . . , G}. Let Smodci denote the interval 
[aoj/Sc]; oriented from left to right. Find a 2 x 2 matrix X(z) with the following properties: 

1. Analyticity; X(z) is an analytic function of z for z € C \ Smodei- 

2. Normalization; As z ^ oo, 



±{z)=l + 



(386) 



3. Jump Conditions; X(z) takes continuous boundary values on Smodei except at the endpoints of the 
bands, where inverse fourth-root singularities are admitted. For z € Smodei, let ^+(2) (^-(z)) denote 
the boundary value taken by X(z) on the left (right) 0/ Smodci according to its orientation. For z in 
the gap Tj, the boundary values satisfy 



iN9r ■ i0r ■ 







X+(z)=X_(z) 



-iNB-r . -ifbr ■ 

e 3 6 1 



(387) 



where the constant flpj *s defined by (87) or (88) depending on whether V j is a void or a saturated 
region, and (pr, is defined by (300), while for z in any band Ij, the boundary values satisfy 



X+(z)=X_(. 



pr((2)-7-K(g+(z)+g_(z)) 



^^g7-»?(z)+K(s+(z)+g-(z)) 





(388) 



Here the expression g+{z) + g-{z) refers to the sum of the boundary values taken for z Ij d R from 
the upper and lower half-planes. 



The contour Smodei corresponding to the hypothetical situation first illustrated in Figure 8 is shown in 
Figure 12. Problems of this sort are solved in terms of Riemann theta functions of genus G, where G + 1 
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Figure 12: The contour Smodci corresponding to the hypothetical equilibrium measure illustrated in Figure 8 
shown against the dashed background ofT.sD. Note that by contrast with SsD; the gap intervals Tj are now 
oriented from left to right. Thus the boundary value X+(z) (X_(z)j refers to a limit from the upper (lower) 
half-plane. 

is the number of bands Iq, . . . ,Ig (see, for example, [DeiKMVZ99b] ) . Our subsequent analysis and error 
estimates will not rely heavily on the specific formulae for the solution, although as is clear from § 2.3 these 
details do emerge in the leading-order asymptotics justified by our analysis. For completeness, the solution 
of Riemann-Hilbert Problem 5.1 is explained in Appendix A. 
The essential facts we will require later are the following. 

Proposition 5.2. Riemann-Hilbert Problem 5.1 has a unique solution X(z) that is uniformly bounded 
with hound independent of N in any neighborhood that does not contain any of the endpoints of the bands 
lo, ■ ■ ■ , Ig ■ Although the numbers (pY . depend on the choice of transition points in the set , the combination 
X(z)e"^''-^-''^^ is independent of any particular choice of transition points. Also, det(X(z)) = 1. 
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Proof. A solution is developed in detail in Appendix A and uniqueness can be established by an argument 
based on Liouville's Theorem. A similar argument proves that det(X(z)) = 1. The uniform boundedness of 
X(z) away from the band cndpoints and the invariancc of the combination X(z)e''^^^^'^^ are consequences of 
the solution formulae given in Appendix A; a discussion of these features can be found there. □ 

The boundary values taken by the solution of Ricmann-Hilbcrt Problem 5.1 have the following useful 
properties. 

Proposition 5.3. For z in any interior gap (void or saturated region) Tj = (/3j_i,Q!j) C Emodci; we have 
the identity 



e J 



X+{z)e^3+iz)a, ^ f±^(^z)e^9+i^)'^A ^ (389) 



e 

where the star denotes componentwise complex conjugation. Similarly, for real z < oiq, we have 

-2iTiNc Q 



X(z)e'=s+(^)^3 ^ ('x(z)e''s+(^''^-^) , (390) 

and for real z > Pg, we have 

X(2)e''ff(^)'^3 = (X(2)e«5(^)'"-^)* . (391) 

Moreover, the product p(z) := Xii{z)Xi2{z) extends to <C\{[ao, (3o]U- ■ -Ulac, Pg]) a* a real- analytic function 
satisfying p(z) < for all real z < ao and p{z) > for all real z > Pg- For all j — 1, . . . , G, there is a 
real number Zj e [Pj-i, ctj] such that p{z) > for Pj-i < z < Zj and p{z) < for Zj < z < aj. If in fact 
Zj € (/3j_i, Qij), then Zj is a simple zero of p{z). The zeros Zj depend on the parameter k in a quasiperiodic 
fashion with G frequencies that depend on the parameters c £ (0, 1) and N , the function ri(z), and the 
equilibrium measure. Generically, Zj € {f3j-i,aj), and the situation in which Zj = Pj-i or Zj = aj for 
some j should be regarded as exceptional. In the generic case, the boundary values Arii_|_(z) and Xi2+{z) are 
analytic at z ~ Zj and thus either Xii^(z) has a simple zero only at z = Zj and Xi2+{z) is bounded away 
from zero in Tj, or Xi2-\.{z) has a simple zero only at z = Zj and Arii_|_(2:) is bounded away from zero in Tj. 
For z in any band Ij , the identity 

X+(z)e''^'+(^)'"^ = (x+(z)e''^'+(^)'"=') ' I I (392) 




holds. Furthermore, for z G Ij the elements ofK^^z) are strictly nonzero. 

Proof. The matrix M(z) := X(z)e''f '■^^'^^ and the corresponding matrix N(z) := M(z*)* are both analytic for 
z g C\(— oo, where Pg is the rightmost band cndpoint. As z — > oo, we 

haveM(z)e-''i°s(^)'T3 =1+0(1/2) 

and also N(z)e~'*'°8'-^-'°'^ = I + 0(l/z). Furthermore, it is easily checked that at each point z £ (— oo,/3g]i 
we have M_(z)~"'^M+(z) = N_(z)~^N4_(z). This means that both matrices satisfy the same Riemann- 
Hilbert problem. Uniqueness of solutions for this problem follows as usual from Liouville's Theorem. Thus, 
M(z) = N(z) = M(z*)*. The claimed relations follow from the jump relations for X(z) since for each real 
z, M_(z) = M+(z)*. 

Suppose that at some point z in a band Ij we have A/ii+(z) = 0. Then it follows from (392) that 
Mi2+(z) ~ also. But this implies that det(M(z)) = which contradicts the fact that (see Proposition 5.2) 
det(M(z)) = 1. In a similar way, one sees that any other matrix element of M±(z) having a zero in Ij leads 
to a contradiction. 

The fact that the product p{z) = Xii{z)Xi2{z) extends to the complement of the bands Ij as an analytic 
function follows from the jump condition (387) and the analyticity of X(z) for z G C \ S,„odci- The sign of 
p{z) is discussed in detail in Appendix A. □ 
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By using the explicit formulae given in Appendix A, one can obtain the identities W{z) = Xii(z)e'^^^^^ 
and Z{z) = Xi2{z)e-'^si^\ where W{z) and Z{z) are the functions defined in (lf2) and (113) respectively. 



5.1.2 Inner asymptotics near band edges. 

In any neighborhood of a point in the interior of either T,^ or that marks the boundary between a band 
and a gap, the pointwise asymptotics used to arrive at the jump conditions for the matrix X(z) starting from 
those for the matrix X(z) are not uniformly valid. It is therefore necessary to construct a local approximation 
to X(z) near such points using different techniques. We refer to these boundary points separating bands from 
gaps as band edges. We want to stress that band edges are to be distinguished from transition points making 
up the set Yn defined in § 4.1. Our method will be to define in a disc of fixed size near each band edge a 
matrix that exactly satisfies the jump conditions of X(z) and that matches well onto the outer asymptotics 
given by X(z) at the boundary of the disc. 

The distinguishing characteristic of a band edge z = zq is that in the adjacent gap T the function p{z) 
is identically zero since the equilibrium measure /i^j^jj^ realizes the lower constraint for z G F if F C Sq^ or 
the upper constraint for z G F if F C S^, and meanwhile in the adjacent band p(z) is a nonzero analytic 
function that vanishes at the band edge. The nature of the vanishing of p(z) at the band edge must be 
understood before a local approximation can be constructed. Consider SEc/6fi — £c where the variational 
derivative is evaluated on the equilibrium measure. In the band this quantity is identically zero according to 
the equilibrium condition (79). On the other hand if p'^(-) and V{-) are analytic functions then the function 
^'(z) defined for z G (a, b) by 



^{z):=V{z)+ \og\z- x\p°{x)dx - \og\z - x\p'^{x) dx 



(393) 



extends analytically into the upper half-plane (it is analytic in a neighborhood of zo as long as zg is in the 
interior of either or S^). Since 



*(z) + 2(dAr - c) / \og\z- x\p{x)dx = —^{z) , forzG(a,6), 

Ja op 

where the variational derivative is evaluated on the equilibrium measure, we have 



(394) 



= 'i'{z) + 2{dN - c) / log{z - x)p{x)dx - £c- 27Ti{dN - c) / p{x) dx + 2TTi{dN - c) / p{x) dx , (395) 

for z near zq with ^(z) > 0. Only the last integral involves contour integration off of the real axis, and 
the integrand denotes the analytic function p{-) of the band. At the same time, the quantity 6Ec/Sp — £c 
extends into the upper half-plane from the gap F as 



Sp 



^{z) + 2{dN - c) I \og[z- x)p{x)dx - £c-'2.m{dN - c) I p{x) dx (396) 



since p(-) = for z G F. We therefore deduce that 

5Er 



Sp 



-27ri(djv ~ c) 



zdT 



p{x) dx 



(397) 



where on the right-hand side the integrand is the continuation of the analytic function p(-) defined in the 
adjacent band, and the subscript denotes the boundary value taken on the gap F from the upper half-plane. 
Using virtually the same arguments but continuing all quantities into the lower half-plane, we find that 



SE, 
Sp 



2TTi{d]s[ — c) 



zer 



p{x) dx 



(398) 
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Combining (397) and (398) reveals the identity 



= (399) 

which holds for all z in the gap when the integrand (o(-) is analytically extended about zq from the band. 
Differentiating this identity with respect to z, we discover that p(z)^ extends from the band to a complex 
annulus surrounding zq as a single- valued analytic function that vanishes as z — > zq within the band (at 
least). Moreover, it follows from (395) that /3(z)^ is analytic at zq as well, and so is necessarily of the form 
p(z)^ = [z — ZQ)Pe^''^^ where p = 1, 2, 3, . . . and /(z) is analytic at zg. 

Clearly, only odd values of the positive integer p are consistent with (399). However, even more is true. If 
the band edge point satisfies Zq G , then the combination (c— diq)p{x) can be seen by (289) to be strictly 
positive for x in the band adjacent to zq, and furthermore the adjacent gap is a void, and thus from (77) we 
see that the common left-hand side of (397) and (398) is strictly positive for z G F. Similarly if the band 
edge point satisfies zp G E^, then the combination {c— d]\f)p{x) is strictly negative for x in the band adjacent 
to Zq, and the adjacent gap is a saturated region so that (81) makes the common left-hand side of (397) and 
(398) strictly negative for z £ T. In both cases, we can easily see that the equations (397) and (398) will 
only be consistent with the assumption that p{z)^ = (z — zo)^e-^^^-' for analytic /(z) and p = 1, 3, 5, 7, . . . if 
we discard the values p = 3, 7, 11, . . . . 

Therefore, using only the assumption that p°(-) and V{-) are analytic functions, we have shown that at 
each band edge zq in the interior of T,J or the positive analytic function p(-) vanishes like (z — z^y^^ 
where p is of the form p = 1 + 4m for m = 0,1,2,3,.... This is the general character of the vanishing of 
p{-) at band edges when V{-) and /c''(-) are analytic functions, and it is quite similar to the characterization 
of the local behavior of the equilibrium measure (without upper constraint) near band edges as explained in 
[DeiKM98]. 

As mentioned in § 2.1.2 (c/. in particular (64) and (65)), we will for simplicity consider only the generic 
situation when p = 1 at all band edges. There are four cases. Let /i < 1 be an arbitrary fixed positive 
parameter. 



p{x) dx 



p{x) dx 



Left band edge with zq = a G Eq' (lower constraint). 

Let r denote the void to the left of a; then e*^^^") = e'^^^. Let / denote the band to the right of a. 
Consider D^'^ to be an open disc centered at z = a of radius he. Note that for e sufficiently small this 
radius will be less than half the distance to the nearest distinct band edge and D^'^ will be disjoint from 



the endpoints {a,b}. We divide _Dp 



' \ (-Dp n Esd) into open quadrants: 
D^'^ n |z z 7^ a, < arg(z - a) < ^| , 

|z z 7^ a, — < arg(z — a) < 7r| , 

|z z a, — TT < arg(z — a) < ^'^j 



D 



D 



rji 



D 



r.777 



(400) 



D 



V.L 

r,iv 



z 7^ a, — — < arg(z — a) < 0| 
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Now we introduce a local change of variables in D^'^ . We set 

' X(z)e('^~''(^)+2''9(2))c^3/2g-iWero-3/2 ^ 



for z G Dp'f", 



X(z)Tv(z)-3/^e 



o-3/2p(7-')(2)+2Kg(z))a-3/2 -iJVercr3/2 



X(z)Tv(z)"^/^e 



'^3/2„(7-'7(z)+2Kg(z))o-3/2 iArercr3/2 



I X(z)e 



(7-T,(2)+2Kg(2:))(J3/2 j:Afero-3/2 



for z e £) 
for z e £) 
for z ^ D 



r,//' 
r,///' 
r,/v 



(401) 



According to (64), the equation ^ = t^'^{z) defined by (83) gives an invertible conformal mapping 



taking, for e sufficiently small, the fixed disc D^'^ to a neighborhood of C = in the C-plane that scales like 
iV2/3, The transformation r^'^iz) maps Mn Dp to K, taking z = a to C = and is orientation-preserving 



since dr^'^ /dz{a) is real and positive. The segments arg(^ 



±7r/2 in D^'^ are mapped to arcs 



the C-plane that are tangent to the imaginary axis at C = and that converge to the rays arg(C) = ±7r/2 
as A'^ oo uniformly for C in compact sets. The exact jump conditions satisfied by the boundary values of 
Zp '^(z) on EsD n D^'^ may be written in terms of the new coordinate C as follows: 

1 ^e-(-C)^'^ 







for z e rnL'p'^, 



z^4^(z) 



z^4^(z) 



7.l_\z) 







-i 
1 



for z e / n D 



V.L 

r ' 



for z e E^+nL'p'-^, 



(402) 



z^4^(z) 



Z?l'{z) 



1 



for zeE^_n Dp 



Here, the subscripts "+" and "— " refer to boundary values taken on Ego H D^'^ respectively from the left 
and right relative to the orientation of Ssd- 



At the same time, we can define a "comparison matrix" Zp'^(z) from X(z) by the relation 



jp'"'"(z) := X(z)e 



{■y-ri{z)+2Kg(z))a3/2^~iNsgn{Q{z))ercr3/2 



for z e fp'^ \ (L'p'"^ n S 



V.L 



(403) 

Note the difference (a factor of rv(z)'^'^/^ in quadrants // and ///) between the transformation (403) and the 
transformation (4 
where it satisfies 



transformation (401). This matrix extends to an analytic function in Dp'^ with the exception of z e lOD^'^ , 



-i 



Z^4^(z) = Z^J^(z) 



for z e / n D 



V.L 



(404) 



-i 

Again, the subscripts indicate boundary values consistent with the orientation of Ssd, with "+" indicating 
approach from the left and "— " indicating approach from the right. Because the matrix elements of Z(z) 



blow up no worse than (z — a) it is easy to see that Zp ' (z) can be represented in the form 



Zj^^(z)=H?'^(z).-i=(-rp^'^(z))-/4 



rV,L/ 




(405) 
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where Hp '^(z) is analytic in D^'^ . The relations (405) and (403) together with (83) serve as a definition of 
Hp '^(z) in terms of the solution X(z) of Ricniann-Hilbcrt Problem 5.1. 

Since the image of the boundary of D^'^ in the ^-plane expands as A'^ ^ cx) with e held fixed, and 
since on the boundary Zp'^(z) and Zp'^(z) should be comparable, we propose to concretely determine an 
approximation of Zp '^(z) for z £ D^'^ by solving the following Riemann-Hilbert problem. 

Riemann-Hilbert Problem 5.4. Let C+ be a contour connecting the origin to infinity lying entirely within 
a symmetrical sector about the positive imaginary axis of opening angle strictly less than 7r/3. Let C_ denote 
the complex- conjugate ofC+. Find a 2 x 2 matrix Z^'^(C) with the following properties: 

1. Analyticity.- Z'^'-^(C) is an analytic function of C, for C G C \ (R U C+ U C_ ) . 

2. Normalization.- As C, oo, 

Z^'^(C)~f 1 (-C)-^^'/'=I + 0('i) , (406) 

uniformly with respect to direction. 



3. Jump Conditions; Z'^'^(C) takes continuous boundary values from each sector of its analyticity. The 
boundary values satisfy 

Z^'^(C) = ZY'^(C) I I, for CeR and CkO, 



Z^'^(C) = Z^'^(C) I I, forC^RandOO, 




(407) 

z^-^(C) = z^-^(C) I I , forCeC+, 



Z^'^(C) = ZY'^(C) I I , forCeC. 

To determine the boundary values, the contours on the real Q-axis are oriented away from the origin, 
and the contours C+ and C_ are oriented toward the origin. As usual, "+" indicates approach from 
the left and "— " indicates approach from the right. 



Note that the asymptotic behavior of Z^'^(C) is chosen to match the explicit terms in Zp'^(z) with 
the exception of the holomorphic prefactor Hp'^(z), the effect of which will be included after solving for 
Z'^'^(C). The solution of Riemann-Hilbert Problem 5.4 was first found in [DeiZ95], and we provide it in the 
notation of our problem for completeness. 

Proposition 5.5 (Deift and Zhou). The unique solution of Riemann-Hilbert Problem 5.4 is given by the 
following explicit formulae. Let 




(408) 
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For C between the positive real axis and the contour C+ ; 



e 3 v27r 



e 3 Ai'|e~w) e'^VZTT 



e 3 Ai ie 3 yj] 



\ 



e 3 v2tt 



e 3 



e 6 v27r 



9i„3/2 

e 3 yli 



Jbr C between the positive real axis and the contour C_ . 



V 



e °3'-\/27r(-) e ^"^3 Ai' ( e 3' w ) e "e'VZTrl- 



e "3 " V27r ( ^ j e ^""3 " j 



3 At ' " - - 



2i^3/2 



for C between the contour C+ anii t/ie negative real axis. 



Z^'\0 := 



3\ 2(^^)3/2 ^ 

' e 3 (—It;) e e v27r 



2( — iii)3/2 

e 3 



V 



V4/ ("""^J (4) ^ (^e 3 



Finally, for C, between the contour C_ and the negative real axis: 



( 



-V27r - e 3 Ai {-w) e e V27r - 



_2(-™)f/^ 

e 3 



V 



,3/2 



2(-^)3/2 . / 211 \ 

e 3 ( e 3 u; 1 



e 3 (— e 6 v27r 

Proof. The jump conditions are easily verified with the help of tlie identity 

Ai{z) + e'^ Ai{e^ z) + Ai{e~^ z) = . 
The asymptotics are verified with the use of the steepest descent asymptotic formulae 

Ai{z) 



Ai'[z) 



1 ^-1/4^-2.3/2/3(1^0(^-3/2)) 

2v7r 

--^zi/4e-2-'''/3(l + 0(z-3/2)) 
2v7r 



(409) 



(410) 



(411) 



(412) 



(413) 



(414) 



both of which hold as z — > 00 with — tt < arg(z) < tt. In fact, these calculations show that the 0(C ^) error 
term in the normalization condition (406) is of a more precise form, namely 



1 -1 



72 1 



(-C)- 



-(J3/4 



1 



i + o(r3/2) o(c-i) 

o(C-2) i + o(c-3/2) 



(415) 



In this sense the decay rate to the identity matrix of 1/C is only sharp in one of the matrix elements, with the 
remaining matrix elements exhibiting more rapid decay. Uniqueness of the solution follows from Liouville's 
Theorem. □ 
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The contours C± in Ricmann-Hilbcrt Problem 5.4 are chosen so that in {D^'^) they agree with the 
images under t^'^ of the segments H D^'^. Thus, the sectorial condition on C± can be satisfied by 
taking the contour parameter e controlling the radius of D^'^ to be sufficiently small. We now define a local 
parametrix for X(2:) by the formula 



H^-^(z)Z^'^(T^^^(z))Tv(^)-"^/2g(^(.)-7-2.g(.)).3/2g»JVer<T3/2^ 



for z G D^f, 



ioT z € D 
for z g £> 
for z g £) 



r,//' 
r,///' 
r,/y 



(416) 

Note that in this formula, the transformation t^'^(-) and the matrix Hp'^(z) will be different in neigh- 
borhoods _D^'^ corresponding to different left band edges in Sj, being defined locally by (83), (403), and 
(405). 



Right band edge with zo = /? g Sq' (lower constraint). 

With r denoting the void to the right of the band edge /3 and / denoting the adjacent band on the left of (3, 



we let L>^'-^ be a disc centered at z = /? with radius he. The four open quadrants of D^'^ \ {D^'^ f] Ssd) 
are defined as 



D 



r,/ 



D 



rji 



D 



TJII 



D 



V.R 

rjv 



D 



|z z^P, 0<arg(z-/3) < || , 
[z ^ 7^ < arg(z - /3) < 7r| , 

|z z 7^ /3, -TT < arg(z - /3) < -|| 
^^n{z|z^/3, -| <arg(z-/3) <0} . 



i^P n <! z 



We introduce the local change of dependent variable 

' X(z)rv(^)'^^^^e('^~''(-")+2''s('=)''^3/2g-iArerCT3/2 ^ 

X(z)e('^~''(^'+2Kg(z))o-3/2g-iArer-T3/2 ^ 

X(z)e('^"''(^)+2''f('^))'^3/^e'^^r<T3/2 ^ 

'^3/2„(7-'7(2)+2«;9(z))'T3/2„iAfer(T3/2 



for z g Dp 'j^, 



for z € D 



Zp' (z) := <^ 



V,ii 

r,//' 



[ X(z)Tv(z)-3/2e 



for z g D^'fjj, 
for z g D^'^, 



(417) 



(418) 



(recall that e*^^"" = e^^^'^^^), and the local conformal change of independent variable C = Tp ' (z) defined 
by (84). The mapping is orientation-reversing, taking z < to C > and z > /3 to C < 0. By taking e 
sufficiently small, the radius he of Dp ' will be small enough that the images under Tp ' of the segments 
arg(z — /3) = ±7r/2 in D^'^ lie within a symmetrical sector of the imaginary ^-axis of opening angle strictly 
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less than 7r/3. The exact jump conditions satisfied by Zp '^(z) in D^'^ may be written in terms of C as 

1 le ^ ^' 



zj:^(z) 



1 

-i 
-i 

1 
— ze 1 
1 







1 



for z G r n £> 



V,i? 

r I 



for z e / n £> 



V.R 

r ' 



for z e n L»r 



V,i?, 



for z € S];5V ^ -Cip 



(419) 



The subscripts "+" and "— " indicate respectively boundary values taken from the left and right of Esd with 
respect to its orientation. The "comparison matrix" 

Z^'^(z) x(z)e(''-"(^)+2'^5(^))-^/2e-^^^s"(^(^))''^^-^/2 , for z G D^''' \ {D^''' n Ego) (420) 

satisfies the same jump condition for z E I D Dp as Zp '^(z), but is otherwise analytic in Dp and can 
be written in the form 



1 



V.R(^^as/4 



Z^'^iz) :=Hj-^(z)~(-rp-"(z))" 



(421) 



where Hp'^(z) is a holomorphic factor for z £ D^'^ . To come up with a matrix satisfying the jump 
conditions of Zp '^(z) that is a good match to Zp '''^(z) on the boundary of D^'^, we consider the solution 
Z^'^(C) of Riemann-Hilbert Problem 5.4 with the contours C± chosen such that C± n t^'^{d'^'^) = 
T^'^'CSj-^), and we set 

Z^'«(C) :=Z^'^(C)-*a3. (422) 

Proposition 5.6. The matrix Z'^ {(,) defined by (422) is an analytic function of for € C\ (MUC+UC-) 
that satisfies the normalization condition 



(423) 



as C ^ oo, uniformly with respect to direction. Moreover, Z ' (C) takes continuous boundary values from 
each sector of its analyticity that with ( ~ t-^ ' (z) satisfy the exact same set of relations (419) as Zp ' (z). 



We may construct a local parametrix for X(z) in Dp as follows: 

H^'«(z)Z^'«(r^'^(z))rv(-2)""-^/'e(''(-)-''-2«9(-))-3/2g»iver.3/2^ 



Xp (z) 



tor z e Dp J , 



H^'^(z)ZV.«(rpV.^(.))e 
H^'«(z)ZV.^(rV,i^(,))e 



[ UP%)Z^-^ir^-%))T^{z) 



(i)(2)-7-2Kg(2))(T3/2 i7Vercr3/2 



())(z)-7-2Kg(z))CT3/2 -iJVercr3/2 



-(T3/2 (),(z)-7-2Kg(z))(T3/2 -iAfer<T3/2 



for z g D 
for z e D 
for z € D 



v,R 
r,/7' 

v,R 
rj//' 

r,7y 



(424) 
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Again, the transformation t^'^(-) and the matrix Hp '^(z) will be different in neighborhoods D^'^ corre- 
sponding to different right band edges in Y,^ . 



Left band edge with zq = a G (upper constraint). 



Letting F denote the saturated region to the left of a, I denote the band to the right, and D^'^ denote a 
disc centered at z = a with radius he, we partition the disc into quadrants: 



D 



D 



A,L 

r,/ 

r,77 



D 



A,L _ 

rjii ^ 



D 



A,L 

rjv 



I?P n |z 2 7^ a, < arg(z — a) < — | , 

Dp n |z z 7^ a, — < arg(z — a) < 7r| , 

I?P n |z z ^ a, — TT < arg(z — a) < ^'^j : 

Dp n |z z =/= a, — ^ < arg(z — a) < o| . 



Next we set 



(^) 



' X(z)e('^"''('')+^''f(^')'^3/2g-tA'ero-3/2 ^ 

X(z)T'A(z)~'^-'*/2e('^"''(^)+^''5(^))'^3/2g-iivero-3/2 ^ 



X(z)TA(z)"'^3/2e('^"''(^)+^''9(^^''^^/^e'^^ro-3/2 



for z £ D^'j , 



X(z)e('^"'''^-^)+^'^^'(^)''^^/2e'^*ro-3/2 ^ 



for z e L) 
for z S _D 
for z S _D 

A,L/ 



A.L 

A.L 
r.7/7' 

A.L 



(425) 



(426) 



where we recall that e'^^"" ~ ^iNe{a) ^ ^^^^ consider the conformal mapping C ~ '''r ' (^) defined by (85). We 



choose the parameter e controlling the radius of Z?p to be sufficiently small that the images t^''^{Yo'± H 



A,L/^A 



D^'^) lie within a symmetrical sector of the imaginary ^-axis of opening angle strictly less than 7r/3. The 



exact jump conditions satisfied by the matrix Zp'^(z) may be written in terms of C, in a simple way: 

1 



?A,L, 



• -i-Cf^ 1 

le ^ ^' 1 



for z e rnDp'^, 



Z^:^(z) 



Z^4.^(z) 



-i 

1 -ie"^' 

1 

1 -ie-"^' 







3/2 



1 



for z G / n D 



A.L 

r ' 



for z e n Dp 



for z e n Dp 



A.L 



(427) 



The subscripts "+" and "— " refer respectively to boundary values taken on the oriented contour EgD from 
the left and right. The "comparison matrix" defined by the formula 



,A.L 



(z) := x(z)e('^"''('^)+^''3(^^''^^/^e"'^^sn('3(2))fro-3/2 



(428) 
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satisfies the same jump condition for z £ I Ci D^'^ as Zp'^(z) but is otherwise analytic in D^'^, and thus 
may be written in the form 



(429) 



The quotient matrix Hp '^(z) is holomorphic in Dp Finding a matrix with the same jump conditions as 



Z^'^{z) and matching onto Zp'^(2) at the boundary of Dp leads us to recall the matrix Z'^'^((^) solving 
l,iemann- 
T^'^(S^j_) and to set 



Riemann-Hilbert Problem 5.4 with the contours C± taken to be such that for each N, C± n t^'^ {D^'^ 



Z^'\0 :=Z^-^(C)-*ai 



V.Li 



(430) 



Proposition 5.7. The matrix Z'^'^(C) defined by (430) is an analytic function of C for ( G C\ (MUC+UC_) 
that satisfies the normalization condition 



(431) 



as C —!■ oo, uniformly with respect to direction. Moreover, Z ■ ((^) takes continuous boundary values from 
each sector of its analyticity that with C ^ '^(-^) satisfy the exact same set of relations (427) as Zp'"^(z). 

We construct a local paramctrix for X(z) with the formula 

' H^^^(^)ZA.i(r^■i(^))e('K^)-7-2«s(^)).3/2g^iVe^^3/2 ^ 



±P'^{z) 



for z G Dp 



nP'^iz)Z^'^ir^'-iz))T^iz) 



W3/2 (r,(z)-7-2Ks(2))o-3/2„tArer(T3/2 



IlP'^iz)Z^'^iT^^^iz))TAiz 



W3/2 (j;(z)-7-2Kg(z))o-3/2„-tA'er<T3/2 



[ H^^^^(z)ZA-^(rp"^-(z))e 



,(r,(z)-7-2Ks(z))o-3/2p-iAfero-3/2 



for z e D 
for z e D 
for z e D 



r,77' 

A.L 

rj/7' 

A.L 

r./y 



(432) 

As before, the transformation t^'^(-) and the matrix Hp'^(z) will be different in different neighborhoods 
D^'^ corresponding to different left band edges in E^. 

Right band edge with zo = /3 G (upper constraint). 

With r denoting the saturated region to the right of /? and / denoting the band to the left, we work in a 

A 

disc Dp ' centered at z = /3 with radius he, and partition the disc into quadrants: 



D 



A.R 



D 



A,R 

r,iii 



D 



A,R 

r,iv 



Dp"" n {z I z ^ /3, < arg(z " /?) < f } , 
D^^^ n {z I z ^ /3, I < arg(z - /?) < ^} , 
D^^^ n {z I z ^ /3, ^TT < arg(z - f3) < -|} 
{z|z^/3, -| <arg(z-/3) <0} . 



(433) 



D^^^ n ^ z 
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We then set 



(73/2 (7-j)(z)+2Kg(z))(T3/2'i Tver cr3/2 



where we recaU that e'^^"" = e^^^^f^\ and consider the conformal mapping C = '''r ' i^) defined by (86) 



for z e 



r,//' 
r,iii' 



(434) 



This is an orientation-reversing transformation of the neighborhood D^'^ of z = /3 in the z-plane to a 



neighborhood of the origin in the ^-plane. By making e small enough, the radius of Up ' will be so small 
that the images t^'^(S^^ H D^'^) lie within a symmetrical sector of the imaginary C-axis of opening angle 



strictly less than n/3. The matrix Zp'^(z) then satisfies exactly the following jump conditions: 



(^) 



1 



for z e r n £) 



A,_R 

r ' 



z^4«(z) 



z^4«(z) 











—I 





1 — ie"- 
1 



for z e / n z? 



A.fl 

r ' 



for z e S]^_ n Dp 



(435) 



z^4«(z) 



1 -ie-''^' 







1 



for z e S]^_^ n Lip 



A,_R 



The subscripts "+" and "— " respectively indicate boundary values taken on Sgo from the left and right. 
The "comparison matrix" 

(436) 

satisfies the same jump condition for z € / fl D^'^' as does Zp '^(z) and is otherwise analytic in D^'^ it 
may be written in the form 



Zp '-"(z) := x(z)e^''"''^^^+^''^'^^^^'^^/^e"*^'''5"^^^^^^''^'^-^/^ 



Z^^'^(z) = H^'^(z).-i=(-rp---(z))'^ 



-1 -1 



1 -1 



(437) 



The quotient Hp '^(z) is holomorphic in D^'^ . A matrix that satisfies the same jump conditions as Zp '^(z) 
and matches well onto Zp'^(z) may be obtained by considering the matrix Z^'^(^) satisfying Ricmann- 
Hilbert Problem 5.4 with the contours C± chosen so that C± n t^'^{D^'^) ~ t^'^'{T,^-^), and set 



(C) :=Z^-^(C)-aia3. 



(438) 



Proposition 5.8. The matrix Z^'-^(C) defined by (438) is an analytic function of( for ( G C\ (MUC+UC_) 
that satisfies the normalization condition 



wA,R 



(C) 



7i( |)<-c)— 



(439) 
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as C ^ oo, uniformly with respect to direction. Moreover, Z^'^(C) takes continuous boundary values from 
each sector of its analyticity that with C, = T^'^'iz) satisfy the exact same set of relations (435) as Zp '^(z). 

We use Z^'^'{C) to construct a local paramctrix for X(z) in D^'^ by the scheme: 



Xp' (z) 



H^'^(z)Z^^«(T^^^(z))e(''W-^-2K5(^))-3/2e-'^«r^3/2 ^ ^ ^ ^A.^?^^ 

H^'^(z)Z^^«(T^'^(z))^A(z)-3/2e("(^-)-7-2K9(.))<.3/2g-^iVe^.3/2 ^ fo, ^ ^ ^A.^A , 

(440) 

Once again, the transformation t^'^(-) and the matrix Hp '^(z) will be different in different neighborhoods 
D^'^ corresponding to different right band edges in Sj^. 

Common properties of the four local approximations. 

The important properties of the local approximations are summarized in the following proposition. 

Proposition 5.9. Although originally defined in the four open quadrants within each disc, each function 
Xp '"^(z)X(z)~"'^, Xp '"'^(z)X(z)^"'^, Xp '"^(z)X(z)^"'^, anc? Xp '^(z)X(z)~"'^ has a continuous and hence analytic 
extension to the full interior of the corresponding disc. For each sufficiently small e > there is a constant 
> such that on the boundary of each disc centered at a band edge z — zq we have 



sup ||X;'*(z)X(z)-i-I||<^ (441) 



for sufficiently large N . Here Xp*(z) refers to any of the four different types of local parametrix. 

Proof. The analyticity of Xp *(z)X(z)^^ throughout Dp * follows directly from the construction in each case, 
in that there is no approximation of the jump matrix. 

To prove (441), first note that since each band edge point zg is bounded away from all transition points 
yk.N G Ypf and from the endpoints {a, 5}, Proposition 4.3 guarantees that for |z — zq\ < he, 

±r'*iz) = H;■*(z)Z*■*(rJ:^*(z))e(''(^■)-'^-2«9(^))'^3/2g^iVsg„(s(z))e^^3/2 (j _^ q^^)) ^ (443) 
where for some constant > 0, 

sup ||G(z)||<§. (443) 

\z-zo\<h>L 

Since according to Proposition 5.2, X(z) is uniformly bounded for \z — zo\ = he and has determinant one, it 
follows that a related constant Je > exists such that a similar estimate holds: 

sup ||X(z)G(z)X(z)-i|| < ^ (444) 

\z — zo\—he 

for all sufficiently large N. Next, we recall the formula for the holomorphic prefactors Hp*(z): 

Hj;'*(z) = X(z)e(''-''(^)+2''9(^»'^3/2g-*JVsgn(3(^))er<T3/2(^*,*j_^*,*^^)]-<T3/4 ^ (445) 
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where the constant matrices C*'* are given by 




iV.i?. 



■<A,R 




(446) 



Thus, we have 

X*'*(z)X(z)-i = U*^'*{z)Z*^*{t*'*{z))C*^*[~t*'*{z)]''''^^U*j.'*{z)-^ (l + X(z)G(z)X(z)-i) . (447) 
Using (445) again this can be written as 
X*'*(z)X(z)-i = W*'*{z) 

■ [~T*^*{z)]-^-^/^ ■ Z*^*[r;^*(z)]C*^*[-r;'*(z)]--^/4 • [-T*^*{z)r/^ (448) 
• W*'*(z)-^ (l + X(z)G(z)X(z)-i) 

where 

W*'*(z) := X(z)e*-'^~''^^'''''^'^^^^-'^'^^''^e~'^''^"^^^^''^^^'^-''/^C*'* (449) 

is a matrix that is, according to Proposition 5.2, uniformly bounded when \z — zq\ = he. But, from (415), 
we get that for \z — zo| = /le, which corresponds to rp'*(2;) of size N'^/'^, 



(-tj:'*(z))-'^^/4z*'*(ti:^*(z))c*'*(-tj:'*(z))-'^^/4(-tj:'*(z))'^3/4 
= {~T*-*{z))-''^''^ 



0(Tj:'*(z)-3/2) 

0{t*'*{z)-^) 0(t*^*(z)-3/2) 
= I + 0(rj:^*(z)-3/2) 
which is of order 1/N as desired when \z — zq\ = he. This establishes (441). 



{^T*'*{z)y'^^ 



(450) 



□ 



5.1.3 Definition of the parametrix X(z). 

The parametrix X(z) is an explicit, global approximation of X(z) the validity of which we will establish in 
§ 5.2. It is defined for z G C \ (Ssd U {disc boundaries}) as follows. About each left band edge a G (a, b) 
where the lower constraint becomes active in a void F we have placed a disc For z e £)p'-^n(C\EsD) 

we set 



X(z) 



(^) 



(451) 



About each right band edge /3 € (a, 6) where the lower constraint becomes active in a void F we have placed 
a disc £)r For z e D^'^ n (C \ Ego) we set 



X(z) :=X^-^(z) 



(452) 



About each left band edge a S (a, 6) where the upper constraint becomes active in a saturated region F we 



have placed a disc D^'^ . For z S D^'^ (C \ Esd) we set 



A,L 



X(z) :=X^-^(z). 



(453) 
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About each right band edge f3 G {a,b) where the upper constraint becomes active in a saturated region F we 

(454) 



have placed a disc Dp For z £ D^'^ (C \ Ssd) we set 



X(^) := X^'^(z). 

Finally, for all z G C \ SsD lying outside the closure of all discs, we set 

X(z) :=X(z). 

5.2 Error estimation. 



(455) 



To compare the (unknown) solution X(z) of Riemann-Hilbert Problem 4.6 to the explicit parametrix X(z), 
we consider the error matrix E(z) defined by 



E(z) := X(z)X(z)-i , 



(456) 



A direct calculation shows that this matrix has a continuous (and thus analytic) extension to each band / 
and also to the interior of each disc D^'* . In other words, E(z) is analytic for z e C \ S^; where S^; is the 
contour pictured in Figure 13. We want to deduce, for sufficiently small positive e, an estimate for E(z) — I 

5R(z) = a 
3(z) = e I ^ 



f(z) = 



o a^<) a^<) o 



(z) = b 



Figure 13: The contour lies in the region a < 5R(z) < b and |5(z)| < e. The circles of radius he (h < 1) 
are all oriented in the clockwise direction. 

that is valid in a neighborhood of an arbitrary point of [a, b]. In order to do this, it is useful to first introduce 
an intermediate matrix F(z) which will differ from E(z) only near all gaps F and near the endpoints a and 
b. 

For each void interval F that lies between two consecutive bands, let x and y be the points where F meets 
the boundaries of the discs D^'^ and Dp and let Lp denote the open chord (that is, the part of a disc 
bounded by a circular arc of the boundary and the straight line segment joining the endpoints of the arc) 
determined by the points x, {x + y)/2 — ihe, and y. If the lower constraint is satisfied at z = a and F is the 
corresponding void interval that meets the boundary of the disc Z?p ' at a point x, then we let Lp denote 
the open triangle with vertices a, x, and a — ihe. If the lower constraint is satisfied at z = 6 and F is the 
corresponding void interval that meets the boundary of the disc Dp at a point x, then we let denote 
the open triangle with vertices b, x, and 6 — ihe. The various regions Lp lie in the range a < 3?(z) < 6 and 
arc illustrated with blue shading in Figure 14. We make the change of variables 

/ 1 _jr^(2)e''-''(^)+2«ff(^)e'^«re-w?r(^) \ 
F(z) = E(z)X(z) \±{z)-\ forzeL^. (457) 

V 1 ; 

For each saturated region F that lies between two consecutive bands, let x and y be the points where F meets 
the boundaries of the discs Dp and D^'^ , and let Lp denote the open chord determined by the points x, 
(x + y)/2 — ihe, and y. If the upper constraint is satisfied at z = a and F is the corresponding saturated 
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region that meets the boundary of the disc D^'^ at a point x, then we let Lp denote the open triangle with 
vertices a, x, and a — ihe. If the upper constraint is satisfied at z = b and T is the corresponding saturated 
region that meets the boundary of the disc D^'^ at a point x, then we let denote the open triangle with 
vertices 6, x, and b — ihe. The various regions Lp lie in the range a < 5R(z) < b and arc illustrated with 
yellow shading in Figure 14. Wc make the change of variables 







F(z)=E(z)X(z) 



-jr^(2)e''(^)-'>'-2K5(z)e-^^«rg-Ar?r(z) I 



X(z)-i , for ^ e . 



(458) 



Next, we define two open half-discs: Da = < a,\z — a\ < he} and Db = {z|3fi(z) > 6, |z — fe| < he}. 

In each of these half-discs centered at an endpoint where the lower constraint is active (indicated with blue 
shading in Figure 14) we set 



/ 



F(z) = E(z)X(z) 



(z - XN,,i) 



\ 



(z - XN,n) 

n6V 



_^N{e^-V{z)-ie'>{z)/2)^{k-#A}g{z} 



V 



1 



X(z)- 



(459) 



and in each half-disc centered at an endpoint where the upper constraint is active (indicated with yellow 
shading in Figure 14) we set 



F(z) = E(z)X(z) 



\ 



V 



(z - XN,n) 

'j(2:)-7!iiZ eNiV(z)-e^-,0"iz)/2)^{#A-k)g{z) ^ 

(z - XN,n) 

nSA / 



X(z)-i 



(460) 



It is important to observe that the matrix relating F(z) and E(z) in (459) and (460) is always an analytic 
function of z in the half-disc under consideration. Indeed, the poles are all located in [a,b], e^^^^ is analytic 
for z e C \ [a, b], and k - #A G Z. For aU remaining z e C \ S^, we set F(z) = E(z). 

Lemma 5.10. The matrix F(z) admits a continuous and hence analytic extension to the upper boundaries 
of all regions Lp and , as well as to the segments 3fi(z) — a and 3fi(z) = b with |3(z)| < he. 

Proof. This is rather straightforward to show once one makes the following observations. First, in the quarter 
discs Da n {z|5(z) > 0} and Db n {z|3(z) > 0} centered at endpoints where the lower constraint holds, we 
have the identity 



J]^ (z - XN.n) 



(z - XN,n) 

neV 



^Nie,-V{z)~ie"{z)/2)^{k-#A)g{z) ^ _ jy (^)g7-'?(2)+2'^5(2) g-^WSr g-jJVe" (2) W^r (^) 



(461) 

Here F refers to the void that is adjacent to the endpoint. If the upper constraint is active, we have in the 
same region the identity 



(z - XN.n) 



^n(z)—, nev 



neA 



.gjv(y(z)-«e-ie<'(z)/2)g(#A-fe)s(z) 



-^Y{z) 



-l^v{^)-l-2Kg(z) JNBr ^-iNe^iz) -N^r(z) 



(462) 
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On the other hand, in the quarter discs Da n {z|5(z) < 0} and Di, D {z|5(z) < 0} centered at endpoints 
where the lower constraint holds, we have 



J]^ (z - XN,n) 



J]^ (z - XN,n) 
TiGV 



^N{e,-V{z)-te°{z)/2)(k-#A)g{z) 



If the upper constraint is active then in the same region 

(z - XN.n) 

.jg'/W-TliiZ ^N{V{z)-e,-ie"iz)/2)^{#A-k)g{z) ^ ^-y (^^yl ^ri{z)-i-2Kg{z) ^-tNOr ^- N^r (z) _ (464) 

(z - XN,n) 

nGA 

The claimed continuity of F(z) follows from these identities upon using the definition E(z) = X(z)X(z)~^ 
(since X(z) — X(z) in for all relevant z in the current context), the jump conditions satisfied by X(z) and 
X(z), and the relations (310) connecting Ta(z), T\r{z), and Y{z) for 5(z) < 0. □ 

The contour where F(z) fails to be analytic is shown in Figure 14. In order to estimate E(z)~^F(z) —I, 



CXzzX) O^zzX) Chzs^ 



Figure 14: The contour Tip. Dashed lines indicate contour segments of Tie to which F(z) has a continuous 
and hence analytic extension. As with Te, the disc boundaries are oriented in the clockwise direction. The 
circular boundaries of the half-discs Da and Db are also oriented in the clockwise direction. The lower 
boundaries of all regions and Lp are oriented from right to left. 

and subsequently to estimate F(z) — I, we will now need to recall the behavior of the functions Tv(z) and 
Ta(z) in the asymptotic limit N ^ oo. 

It follows from Proposition 4.3 that in each region Lp (respectively Lp), Jv(z) (respectively Ta(z)) 
is uniformly bounded. Furthermore, in any half disc Da or D^ centered at an endpoint where the lower 
constraint is active the function Y{z) is uniformly bounded, and in any half disc centered at an endpoint 
where the upper constraint is active the function Y{z)~^ is uniformly bounded. Using the identities (461)- 
(464) and the variational inequalities (77) and (81) which control 3fJ(^r(z)) in these regions (and noting that 
in particular 5ft(^r(a)) > and 5R(^r(&)) > by assumption — see § 2.1.2), we have the following result: 

Lemma 5.11. Let the contour parameter e > be sufficiently small. Then, there are constants Ci_e > 
and C2,£ > such that for all sufficiently large N , 

sup ||E(z)-iF(z) - III < Ci.ee-^^ '^ . (465) 

zGC\(EisUSF) 

Here \\ ■ \\ denotes an arbitrary matrix norm. 

Being obtained from X(z) satisfying Riemann-Hilbert Problem 4.6 by explicit transformations involving 
the parametrix X(z) as well as the explicit relations (457)-(460), the (unknown) matrix F(z) is the solution 
of a Riemann-Hilbert problem as well: 
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Riemann-Hilbert Problem 5.12. Find a 2 x 2 matrix F{z) with the following properties: 

1. Analyticity; F(z) is an analytic function of z for z G C \ Y^p- 

2. Normalization; As z ^ oo, 

1 



F(z) =1 + - 



(466) 



3. Jump Conditions; F(z) takes uniformly continuous boundary values on Tip from each connected 
component of C \ T,p. For each non-self-intersection point z £ Tp we denote by F_|_(z) (F-{z)) 
the limit ofF(w) as w ^ z from the left (right). The boundary values satisfy the jump condition 
'Fj^{z) = F_(z)vf(2;), where for z on the lower boundary of a region Lp below a void T C Sg^, 



vf(z) =X(z) 



1 iTv(z)e''~''(^)+^''^'(^'e*^^rg-A^5r(z) 

1 

For z on the lower boundary of a region Lp below a saturated region T C , 

1 



(467) 



vf(z) = X(z) 



x{zr\ 



(468) 



For z in any vertical segment C\Yjp meeting the boundary of a disc centered at an endpoint zq of 
a band I , 



vf(z) = X(z) 



V 



\ 



-iTv(z)-^/2e''(^)-'^-2«9(^)e±'^^(^°'cxp ( ±27ri7Vc / ^iis)ds] Ty{z)^^/' 



J 



±{zr\ 



(469) 



For z in any vertical segment S]q_j_ n Sf meeting the boundary of a disc centered at an endpoint zq of 
a band I , 



vf(z) = X(z) 



^ Ta(z)ti/2 -^TA{z)-^/^e''~''^''>+^^s{z)^T^Ne(zo) ^^^^^2TnNc J^' tPj{z)ds^ ^ 



V 



Ta(^)±i/^ 



For z in any segment I]p_|_ C\Tp parallel to a void T C Sq^ or with 5R(z) = a or 5R(z) = b, 



vf(z) =X(z) 



1 iy(2)e')'-'j(^)+2t9(^)eT»JvergTiA'e''(^)g-Affr(^) 
1 



X(z)- 



X(z)-i 
(470) 

(471) 



and for z in the semicircular boundary of a half- disc Da or Df, centered at an endpoint where the lower 
constraint is active. 



vf(z) = X(z) 



J]^ (z - XN,n) 

nev 

V 



^Nie^-V{z)-ie°iz)/2)^{k-#A)g{z) 



X(z)-i. (472) 
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For z in any segment Sp_j_ parallel to a saturated region T C Eq or with ^{z) ~ a or 5R(z) = b, 

vf(z) = X(z)( 1x(z)-S (473) 

\ iy(2)-le''(^)-'r-2KS(2)g±»JVergTiJVe°(z)g-Ar5r(2) I I 

and for z in the semicircular boundary of a half-disc Da or centered at an endpoint where the upper 
constraint is active. 



( 



vf(z) = X(z) 



%e 



\ 



(2; - XN,n) 



.^NiV{z)-e,-te<>(z)/2)l#A-k)g{z) 



X(z)-i . (474) 



With a sequence {yN}N=o determined as in the formulation of Riemann-Hilbert Problem 4.6, we have 
that for z in any segment parallel to any band I, 



vf(z) =X(z) 



±1 



±{z)-\ 



where 



vt2{z) ■■= ^iTA(z)-i/'e^-''(^)+''^^(^)eT*^''(^"^ 



-1/2 7j{z)-y~2K.g(z) ±iNeiyf,) 



(^±2TriNc 


r i'ii-^)ds) 




'Vn ' 


(^±2TTiNc 


\ i)i{s)ds\ 




'vN / 



Finally, for z in the clockwise-oriented boundary of any disc D^'^ , 

vf(z) = X^^^(z)X(z)-i, 

for z in the clockwise-oriented boundary of any disc D^'^ , 

vf(z)=X^'^(z)X(z)-i, 



for z in the clockwise- oriented boundary of any disc D 



A.L 



vf(z)-X^-^z)X(z)-i, 



and for z in the clockwise- oriented boundary of any disc D^'^, 

Vp{z)^±P''{z)±{z)-\ 



(475) 



(476) 



(477) 



(478) 



(479) 



(480) 



We have the foUowmg characterization of the jump matrix for F(z). 

Lemma 5.13. Let the parameter e > 0/ the contour "Ep be sufficiently small. Then there is a constant 
Cf > such that 

sup ||vf(z)-I|| < § (481) 

holds for sufficiently large N . 
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Proof. The estimates on the boundaries of the discs Dp * all follow from Proposition 5.9. For the remaining 
parts of Sj?, we note that by Proposition 5.2 X(z) and 'X.{z)~^ are both uniformly bounded for z G 'Sp; 
thus it suffices to prove an estimate of the same order for X(z)^^vf(2)X(z). Now using Proposition 4.3 
one sees that the diagonal entries in (469), (470), and (475) all differ from one by a quantity of order 
All off-diagonal matrix elements are exponentially small as A'^ — > cxd for two different reasons. First, we 
recall the variational inequalities (77) and (81) that hold on the real axis in the voids and saturated regions 
respectively; these control the off-diagonal entries of X(2)~^vf(z)X(z) involving a factor e"^^""^^-* for e 
sufficiently small that the inequality > holds on relevant portions of Y.p as it does in the gap 

r C [a,b]. Second, we recall the inequalities ipi{x) > and i^i{x) > that hold in each band / together 
with the presumed square-root vanishing of i})i{x) at band edges where the lower constraint becomes active 
and of ipii^) band edges where the upper constraint becomes active; these facts control the off-diagonal 
entries of X(2;)" Vf(2:)X(z) in the segments E^j. n I]_f, S]^j_ n Sf, and S]/±. □ 

Lemma 5.14. Let the contour parameter e > be sufficiently small. Then Riemann-Hilbert Problem 5.12 
has a unique solution for sufficiently large N , and the solution has the Cauchy integral representation 

F(z) = I+/ {z- s)-'^m{s)ds (482) 

where m(-) is an arcwise- continuous matrix function in L'^{Y,p). There is a constant > such that 

l|m||2 < ^ (483) 
holds for all sufficiently large N. Also, det(F(z)) = 1 for all z Cz C \ Ep. 

Proof. This is essentially a consequence of the theory of matrix Riemann-Hilbert problems with boundary 
values and uniformly near-identity jump matrices (see, for example, [Zho89]). The key idea is that it is 
possible to convert the Riemann-Hilbert problem into a system of singular integral equations of the form 
(1 — B)u = I where i? is a singular integral operator acting on matrix functions u(z) defined on T,p; then 
the desired density m{z) is proportional to both u(z) and vf{z) — I. The operator B can be written as 
a composition of multiplication by vf(2) — I and a singular integral operator with Cauchy kernel. It is 
a deep result of modern harmonic analysis [CoiMM82] that the Cauchy-kernel singular integral operators 
are bounded in on contours that may be decomposed as finite unions of graphs of Lipschitz functions 
(an appropriate Lipschitz condition should be also satisfied at each self- intersection point). The norm of B 
in L^CEp) is proportional to the product of ||vf(z) — I||oo which we know can be made arbitrarily small 
according to Lemma 5.13, and the norm of a Cauchy integral over Sj? which is finite if e is taken to 
be sufficiently small (this makes all self- intersections oi J^p non-tangential). Thus, for sufficiently large N 
we will have ||i3||2 < 1 and the integral equation for u(z) can be solved in L'^{Y^p) by a Neumann series: 
u{z) =1 + BI + BH+.... 

We therefore have the invertibility of the operator 1 — i? for sufficiently large N, with ||(1 — i?)^^||2 
bounded independently of N, and thus the existence of u g L'^{'Sp). Moreover, since the total length of Y,p 
is independent of N, we get |ju||2 = ||(1 — 5)~^I||2 being bounded uniformly with respect to N as well. This 
proves (483), since m(z) is proportional to the product of u(z) and vf(z) — I. 

The fact that the boundary values taken by the solution F(z) supplied by the theory are in fact 
uniformly continuous along the boundary of each connected component of C \ warrants some additional 
explanation. Indeed, the theory only guarantees a solution of the Riemann-Hilbert problem taking 
boundary values in the sense. However, since the jump matrix vf{z) is analytic on each arc of E^, it 
follows that both F+(z) and F_(z) may be continued analytically through to the opposite side of each arc, 
and then from Morera's Theorem we deduce that not only is F(z) continuous up to the boundary, but also 
both boundary values are analytic functions of z. That uniform continuity extends even to self-intersection 
points of Ei? can be shown using the compatibility of the limiting values of 'v-p{z) along all arcs meeting at 
such a point; namely the cyclic product of the limiting values is the identity matrix for all self-intersection 
points. Thus, the unique solution is in fact a classical solution of the Riemann-Hilbert problem. □ 



96 



Thus we arrive at the main result of this section. 

Proposition 5.15. Let the contour parameter e be sufficiently small. Then for each closed set K <Z <C\T,p, 
not necessarily bounded, there is a constant Qk,c > such that 

sup||E(z)-I||<%i (484) 
holds for all sufficiently large N. Recall that £(0) = X(z)X(z)^^. 

Proof. From (482) and (483) we obtain the desired estimate for the matrix F(z). To complete the proof, we 

recall Lemma 5.11. □ 



6 Discrete Orthogonal Polynomials: Proofs of Theorems Stated 
in §2.3 

In this section, we start with the exact formula for X(z) valid in the entire complex z-plane: 

X(z) = E(z)X(z) . (485) 

This is written in terms of the explicit global parametrix and the matrix E(z) which while not explicit 
is characterized by Proposition 5.15. We then work backwards to the matrix P{z;N,k) and therefore 
obtain exact formulae for the monic polynomials TTN,kiz) valid in the whole complex plane as well as the 
normalization constants "fN,k and recurrence coefRcients aN,k and &Ar,fc in terms of the matrix elements of 
X(z) and E(z), and their asymptotics for large z. Then, under various conditions on z we extract simple 
asymptotic formulae by direct asymptotic expansion of the exact formulae. In particular, we will obtain 
Plancherel-Rotach type asymptotics of the monic polynomials 7rjv,fc(2) for real z in the interval [a,b] of 
accumulation of the discrete nodes of support of the weights. 



6.1 Asymptotic analysis oi P{z; N, k) for z outside the interval [a,b]. 

6.1.1 Asymptotic behavior of 7rjv fe(z) for z outside the interval [a,b]. Proof of Theorem 2.7. 

Let /v C C \ [a, b] be a fixed closed set, not necessarily bounded. The parameter e in the contour T,p may 
then be fixed at such a sufficiently small positive value that KOT^p =0 and K is contained in the unbounded 
component of C \ Si?. For z G K we thus have from (354), (355), (455), and (485), we have 



F{z;N,k) = e 



-(W£,+7)a3/2 



E(z)X(z)e 



(Ne^+'f)a3/2Jk-#A)g(z)a3 



(Z - XN,n)° 



Since z Q K is bounded away from [a, b] we use the midpoint rule to obtain 



,{k-#A)g{z) 



Y[{z~ XN,n) = e'^''-*^^s{z) j log(z - x)p^{x) dx^ • 



(486) 



(487) 



where the error term is uniform for z E K. Combining this result with (289) and (292), and recalling that 
k = cN + K we get 



,(fe-#A)s(2) 



n( 

neA 



Z - .Tjv, 



.) = e««(^)e^^^(^). (^1 + 0(^1)) , 



(488) 



where Lc{z) is defined in (74). Note that the product e'^^^^'^e^^"^^^ is analytic for z G C\ [a, b]. In particular, 
this analysis leads to the following formula 



Pn{z;N,k) = [£;n(z)Xn(z)e«9(^) +ii;i2(z)X2i(z)e«9(^) 



1 + 



(489) 
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We use Proposition 5.15 to estimate E(z) — I and Proposition 5.2 to characterize Xii{z). The proof is 
complete upon noting that W{z) = Xii{z)e'^^^^\ using the formulae for Xii{z) obtained in Appendix A, 
and recalling from Proposition 1.3 that Pii{z; N, k) = TrN,k{z)- 



6.1.2 Asymptotic behavior of the leading coefficients jN.k and of the recurrence coefficients 
flAT A; and fc. Proof of Theorem 2.8. 

Taking the set K in the proof of Theorem 2.7 above to be unbounded allows us to consider z oo. For 
arbitrary fixed N, we have the expansion 

g(fc-#A)g(.) p _ ^ eKte(.)-iog(.))^fe (^i + EML+o(^-^^y (490) 

as z ^ oo, where 

Hk,N -^N xp°{x) da; - V XN,n - Nc x dfi^^i^ix) . (491) 
The matrices E(z) and X(z)e'*'^^'^^)~'°s(z))o-3 jj^^ye asymptotic expansions for large z of the form 



E(z) = i+iE(i) + lE(2)+o(l 



(492) 

z z 

as 2; ^ oo. In terms of these coefficients we thus have for each fixed N the expansions 

.-^P..M = l + ^" + f +< +o(l), (493) 

;^-'=P2i(^) = + 4i ) + ^[-^) ^ (494) 

z^P,,{z) = ^^(sW+i?W) 

+ {Bf^ + ^12 + + -^22 ~ Hk,NB^\ -Hk^NE^l) (495) 

1 



Comparing with (32), we therefore have the following exact formulae in which Hk.N does not appear: 

g(Ar£c+7)/2 

lN,k 



r(1) I 
^12 +^12 



lN,k-i = e(^^c+7)/2y's(i)+4i), 

(496) 



6^,,_l = V(M2^+^^i2^)(52l^+^2l^). 



(1) , 77.(1) -fc^l2 + -^12 + ^11 + -£^12 ^22 



r(1) I 
^12 +^12 
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Now, for sufficiently large z, we have 'Ei(z) = F(z), and therefore Lemma 5.14 and m particular the Cauchy 
integral representation (482) of F(z) implies that the coefficients E^]} and E^"^ are all of order 1/7V as 
N oo. Furthermore, X(z)e'*^^^^^~'°s(z)) jg matrix that for some fixed i? > is analytic and uniformly 
bounded (independently of N) for \z\ > R, which implies that the coefficients B^]} and B^^ remain bounded 



as N 



oo. In fact, for sufficiently large N , b[^ and -621^ are bounded away from zero, and thus 



iN.k 



„(Af£c+7)/2 



B 



(1) 



1 + 



lN,k-l 



B. 



(1) 



1 + 



B[l^Bil^[l + 0[- 



N 



(497) 



<lN,k 



r(1) 
^11 



B 



B 



(1) 



O 



Using the formulae obtained in Proposition A. 4 established in Appendix A then completes the proof. It 
should be remarked that the quantities b[}^ and i?2i^ arc necessarily positive, since £c and 7 are real. 

6.2 Asymptotic behavior of ttn^i^^z) for z near a void of [a,b]. Proof of Theo- 
rem 2.9. 

The variational inequality (77) holds strictly throughout the closed interval J C [a, b], and while it is possible 
for either a or 6 to be an endpoint of J, neither endpoint of J may be a band edge. We choose the contour 
parameter e to be sufficiently small that Proposition 5.15 controls E{z) — I, and then take 5 to be small 
enough that K^j n Sf = 0- Then, for all z e K^j, regardless of whether 3(z) is positive or negative, or of 
whether 3?(z) G (a, b) or not, we have the exact formula 



ttnM^) = Eii{z)Xn{z) + Ei2{z)X2i{z) 



(z - XN,n) ■ 



(498) 



neA 



This follows from (354), (355), (356), (455), (485), and Proposition 1.3. It is not hard to verify that the 
right-hand side extends analytically to the whole compact set Kj. Since each node XM,n with n € A is 
bounded away from Kj, we may approximate the product to within a relative error of order 1/A^ uniform 
in K^j to find 



7r7v,fc(z) = Eii{z)Xii{z) + Ei2{z)X2i{z) 



N 



(499) 



Here we have used (289) and (292) and k = Nc + k, and Lc{z) is defined by (74). Finally, using Proposi- 
tion 5.15 to estimate E(z) — I, and Proposition 5.2 to uniformly bomid Xii{z) and ^21(2;) for z G i^j, we 
arrive at 

(500) 



X,,{z)e-^'^^^+0i^ 



We recall the definition (75) of the analytic function L^{z), and note that W{z) = Xii{z)e'^^^'^\ 

The estimate (127) follows from (500) because e^^^'=^^-'~'^<= is uniformly bounded in Kj. Indeed, we 



have 



Le(^)-L^(z) = -^.sgn(3(z)). 



(501) 
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Thus the right-hand side of (501) is simply a different imaginary constant in each half-plane. This also 
estabhshes the uniform boundedness of Ap (z) when we use Proposition 5.2 to bound Xii{z). The analyticity 
of (z) in Kj is a consequence of the jump condition satisfied by X(z) in the void F; using + (— ) to denote 
boundary values taken on the real axis from above (below), we have for real z G -ftTj 



A^^{z) = e-'^''^/^Xn+{z)e''o+(^) 

= e'^''^/^Xii^{z)e"t'^e''3+{^) 

= e'^«r/2Xii_(z)e'^ff-(^) 



(502) 



since by definition for z in a void T, i(j>r = Kg-{z) — Kg+{z). Finally, the reality of Ap {z) when z is real and 
the information concerning its possible zero follow from Proposition 5.3. 

6.3 Asymptotic behavior of n^^kiz) for z near a saturated region of [a,b]. 
6.3.1 Asymptotics valid away from hard edges. Proof of Theorem 2.10. 

Because the closed interval J C F is bounded away from all of the points a, ao, /3o! • ■ • j ctG, Pg, b, we may fix 
the parameter e > sufficiently small that Proposition 5.15 controls E(z) — I. and then select S > small 
enough that Kj n 'Ep ~ where the compact set Kj is defined by (125). For z <E Kj we thus have the 
following exact formula: 

ttnM^) = [Eii{z)Xniz) + EMX2i{z)\ e^>^-*^M^'^ l[{z XN,n) 

riGA 

En{z)X,,{z) + E,,{z)XM] ^sgn(^(z))e''(^)-^e^(^(^)-^--s"(^(^))«''(^)/^)e(#'^-'^-)^(^) l[{z- x^,„) . 

riGV 

(503) 

This formula follows from (354), (357), (455), (485), and Proposition 1.3, and the right-hand side extends 
analytically to the whole set Kj. Using the definition (297) of the function Ta{z), and its characterization 
for nonreal z in Proposition 4.2, and recalling the definition (74), we can rewrite this formula as 



cxp I -N [ \og{z ~ x)p°{x) dx] Y\{ 
V -^^o' J r ev 



z — xn 1 



^NL,{z)-iNsgn{Q{z))e°{z)/2 



En{z)Xniz)e^'^'^ + EMz)X2iiz)e^'^'^] T^{zr^2 



f Ne°{z) 



En{z)Xi2iz)e-^siz) + Ei2iz)X22iz)e-^3iz)^ zsgn(9(z))e''(^)-^e-^fr(^'e''^^sn(9(.))(er-e«(.)/2) j _ 

(504) 

Since Kj is bounded away from any nodes Xn.u for n S V, the product on the first line of (504) may 
be approximated in terms of an exponential of an integral up to a relative error of order 1/N uniform in 
Kj. From Proposition 4.3 it follows that Ta{z)^^ — 1 is also of order 1/A^ uniformly in Kj. Finally, using 
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Proposition 5.15 to estimate E(z) — I and Proposition 5.2 to bound X(z) uniformly in Kj, we see that 

(505) 

The exponential estimate holds because sgn(3?(i0°(z))) = sgn(3(2;)) for all z £ Kj. Also, since 3?(^r(2)) 
is strictly positive for all z G K^j (this is equivalent to the inequality (81) being strict in J and 5 being 
sufficiently small), this term is exponentially small as N —* oo. We note that W{z) = Xii{z)e'^^^^\ 

The estimates (131) follow from (505) because e^(^<^(^)-^o (^)-'«g"(^(^))^"(^)/2) is uniformly bounded in 
K^j. Indeed, we have 

L„{z) 1%) ^sgn(3(z))0°(z) = . sgn(3(z)) . (506) 

The rest of the proof follows that of Theorem 2.9. 

6.3.2 Asymptotics uniformly valid near hard edges. Proof of Theorem 2.11. 

We will analyze the case where the saturated region is F = (a, ao) and J ~ [a,t] with t G F in detail. The 
analysis in a saturated region near z = 5 is similar. 

The upper constraint is active throughout J, and the variational inequality (81) holds strictly for all 
z £ J. We take the fixed parameter e to be sufficiently small that Proposition 5.15 controls E(z) — I. and 
then choose S > small enough that Kj n T,p = where Kj is defined by (125). The set Kj is the closure 
of the union of two open sets: if j out consisting of the points in the interior of Kj with ^{z) < a and if 5 in 
consisting of the points in the interior of Kj with 3fi(z) > a. 

For z € ifjin, the exact formula (504) for nN,k{z) is valid. Since A'ji,j is not bounded away from z = a, 
we may no longer neglect Ta{z)^^ — 1. However, we may substitute from Proposition 4.3 an asymptotic 
formula for Ta{z)~^ that is uniformly valid in ifji„. The remaining approximations we make for z S Kj^^ 
are exactly the same as in the proof of Theorem 2.10. 

On the other hand, for z £ Kj^^^, the exact formula (498) holds. Using (308), we may write this in the 
form 



TTN^k {z) - \En iz)X,iiz) + Eu {z)X2i {z)] e^^-^^'^^^V (z) 



exp ~N / log(z - x)p°{x) dx \ \\ [z - XN,n) 



exp N i log(z — x)p^{x) dx 



(507) 

The terms in the large square brackets may be estimated using the midpoint rule to approximate the integral 
in the exponent; these terms are thus of the form 1 + 0(1/A^) uniformly for z £ if j^^j. From Proposition 4.3 
we may substitute an asymptotic formula for Y[z) that is uniformly valid in if^out- Using Proposition 5.15 
to estimate E(z) — I uniformly for z £ if 5 out ^'^'^ Proposition 5.2 to uniformly bound Xii{z) and Xi2{z) 
in the same region, we obtain an asymptotic expression for -KN.kiz) that is valid in ifj^^j. To write this 
expression, we note that W{z) = Xii{z)e'^^'^''\ 

The two asymptotic formulae so-obtained are uniformly valid right up to the line 3?(z) = a that divides 
Kj into two parts. Moreover, it is an exercise to check that the formulae agree for 5R(z) = a. In this way, 
we obtain a uniform approximation for ■nN,k{z) for z near a that is an analytic function, and the proof is 
complete. 
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6.3.3 Asymptotics of zeros of TrN^k{z) in saturated regions. Proof of Theorem 2.12. 

The zeros of the cosine function in (130) and (134) are exactly the nodes of orthogonahzation making up 
the set Xjv- We may thus expect that there should be a zero of 7rjv,fc(z) very close to each node xj^^n in 
a saturated region. To make this precise, we now study how the zeros of the leading term in (130) are 
perturbed by the term S^^z). Neither En^z) nor Sn{z) in (130) are purely real for real z (although the 
imaginary part of En^z) is necessarily exponentially small for real z to balance with that of Sn{z) since 
'^N,kiz) is a real polynomial). However, from (504) we get the exact formula 

5R(5^(z)) = (^B^{z) sin (^^Xfif)^ + e.(3)-7-^«r(.) (ggg) 

where aNiz) is uniformly of order 1/A^ for z G M n Kj with Kj defined by (125) for S small enough, and 

Note that (509) apparently defines B^{z) for ^(z) ^ 0, but it is easy to check that this definition extends 
analytically to a real function for real z. 

Now, if the saturated region is the interval T ~ (a, ao), then Proposition 5.3 guarantees that A^iz) and 
By{z) are bounded away from zero and have opposite signs. Since 9^{z) is a strictly decreasing function 
of z for z € (a, 6), it follows that there is a zero of TTN.kiz) exponentially close to but strictly greater than 
each node XN,n in the interval J (and no other zeros in J). Similarly, if the saturated region is the interval 
r = {(3G,b), then Proposition 5.3 guarantees that A^{z) and B^{z) are bounded away from zero and have 
the same sign. From this it follows that there is a zero of 'r^N,k{z) exponentially close to but strictly less than 
each node xn.u in the interval J, and no other zeros in J. Note that with the use of the asymptotic formulae 
given in Theorem 2.11, it follows that these conclusions even hold true if the interval J under consideration 
contains either z = a or z = 6 as an cndpoint. 

If the saturated region is F = F^ = (/3j-i, oij) for some j = 1, . . . , G, then Proposition 5.3 implies that 
the product ^p(z)_B^(z) vanishes at exactly one point z = Zj in F = T.j. If Zj < min J then A^{z) and 
By{z) are bounded away from zero and have opposite signs for z £ J, and thus there is a zero of TTN,k{z) 
exponentially close to but strictly greater than each node XN,n in J, and no other zeros in J. If Zj > max J 
then (z) and Bp{z) have the same sign and thus there is a zero of tt^t j,(z) exponentially close to but 
strictly less than each node XN,n in J, and no other zeros in J. 

Continuing with the case F = F^ = (/3j_i, ctj), suppose that Zj lies in the interior of J C Tj. If it is 
B^{z) that vanishes at z = Zj, then it is clear that 7r7v.fc(z) has a zero exponentially close to each node x^.n 
in J and no other zeros in J. Moreover, in this case there is a neighborhood of Zj of length proportional 
to 1/A^ outside of which 3i{6N{z)) has the same sign as its leading term; thus with the possible exception 
of a bounded number of nodes surrounding z = zj the zeros exponentially localized near the nodes lying 
to the left (right) of z = Zj lie to the left (right) of the nearest node. In fact. Proposition 1.1 guarantees 
that this situation persists inward from the left and right to a single interval between two consecutive nodes 
[xN,rrn XN,m+i] that contains no zeros of T^N,k{z) at all, and such that there is a zero exponentially close to 
but to the left of XN,m and another zero exponentially close to but to the right of XN,m+i- Thus in this 
situation, the interval J contains precisely one less than the maximum possible number of zeros of TTN,k{z) 
since there is exactly one consecutive pair of nodes that do not have any zero between them. 

On the other hand if it is (z) that vanishes at z = Zj in the interior of J, then in addition to the 
zeros of the cosine function, there is a single zero of Ap (z) + ^{ej\[{z)), say z = Zjjv, that is subjected to 
perturbation. The zeros of the cosine lying to the left (right) of z = Zjjv are easily seen (using Proposition 5.3 
to analyze the relative signs of Ap (z) and B^{z)) to move under perturbation an exponentially small amount 
to the left (right). The "spurious" zero Zj^i^ is also perturbed an exponentially small amount, and it is easy 
to see that the closer zj^n lies to a node in Xjy, the more it is repelled by the perturbation. Even in the 
degenerate case that z^jv coincides exactly with a node, it is easy to see that the perturbation always serves 
to unfold the double zero into two real zeros of 'KN,k{z) both exponentially close to the same node, with 
one on either side. Thus in this situation, the interval J always contains precisely the maximum possible 
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number of zeros of 'KN,k{z) (one zero between each consecutive pair of nodes), all exponentially localized to 
nodes in with the possible exception of exactly one, which necessarily corresponds to the zero Zj^jv of 
(z) + 3fi(£Ar(-z)). This completes the proof. 



6.4 Asymptotic behavior of ■KN,k{z) for z near a band. 
6.4.1 Proof of Theorem 2.13. 

The closed interval J is necessarily bounded away from the two nearest band edge points z = Uj and z = (3j. 
Therefore, given e > sufficiently small that Proposition 5.15 controls E(z) — I, we may choose (5 > small 
enough that the set K^j defined by (125) satisfies K^jCMIf = 

Suppose first that the band / containing J is not a transition band, but rather is completely contained in 
Sg^. Then, from Proposition 1.3, (354), (358), (359), (455), and (485), we have the following exact formula 
for 'KN,k{z) in Kj-. 



cxp 



-N 



\og{z - x)p°{x) dx\ Y\_(^~ ^N,n) 



neA 



e^i^(^)(_l)A^7 



(^Eniz)Xniz) + Ei2iz)X2liz)^ g«g(.)g-»JVsgn(3(.))e7(.)/2 

- isgn(3(z))e''(-)-^ (^Ei,{z)X,2iz) + Ei2iz)X22iz)) e-^a(z) ^^Nsgn[^i{z))eY iz)/2 



(510) 



where L^{z) is defined by (76), and 



MY :=N [ p°{x)dx 



(511) 



where y is the nearest transition point to the right oi J d I. It follows from (283) that Mj £ Z. The right- 
hand side of (510) extends analytically to the whole compact set Kj. The terms in square brackets on the 
first line of (510) are seen to be 1-|-0(1/7V) uniformly for z € Kj by a midpoint rule approximation argument 
(since Kj is in this case bounded away from any component of E^). Similarly, T-g{z)~'^/'^ = 1 + Ol\/N) 
uniformly for z E Kj by Proposition 4.3. Proposition 5.15 and Proposition 5.2 then imply that the terms 
in parentheses on the second line of (510) are simply Xii{z) + 0{\/N) and that the terms in parentheses 
on the third line of (510) are just Xi2{z) + 0{1/N), with all errors uniform in Kj. Thus one obtains an 
asymptotic formula for tt^t ^(z) valid uniformly in K^j. 

Next, suppose that the band / containing J is not a transition band, but is rather completely contained 
in E^. In this case, from Proposition 1.3, (354), (360), (361), (455), and (485), we have the following exact 
formula for 7rjv,fc(z) in Kj-. 



'^N,kiz) 



Ta{z) 



-1/2 



exp ( -N / log(z - x)p°{x) dx] TT (2 



XN,n) 



(-1) 



(£n(z)Xn(z) -f Si2(z)X2i(z)) e«9«e^^^snO(.))[e°(.)-ef W]/2 



isg: 



n(3(z))e''(^)-^ (i?n(z)Xi2(z) +i?i2(z)X22(z)) e«9(-)e-^^^snO(.))[e°(.)-ef (.)]/2 



(512) 
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where 

Mf" :=N [ p°{x) dx e Z (513) 

and y is the nearest transition point to the right of J C /. Once again, the right-hand side may be considered 
as an analytic function in the set Kj. Since Kj is bounded away from Sq^ in this case, the expression (512) 
may be approximated in virtually the same way as (510) in order to obtain a uniformly valid asymptotic 
formula for iTN.kiz)- 

Finally, suppose that the band / containing J is a transition band, in which we must place a transition 
point y £ Yi\[. Recall that J is bounded away from the endpoints aj and (3j of I = Ij. Thus, without any 
loss of generality, we may choose the transition point y e / H Yn such that either y < min J or y > max J. 
This means that either J C Sg' J C S^, and we may analyze either (510) or (512) respectively, exactly 
as we have done above. 

We now wish to write the two exact formulae (510) and (512) in such a form that it is clear that the 
limit N ^ oo yields an asymptotic formula that is independent of whether J C or J C S^. In fact, a 
direct calculation using (347) and (348) along with the quantization condition (283) shows that 



(514) 



where x is any point or endpoint of the band /. 

Therefore, in considering the limit N oo, it remains to recall that Proposition 5.3 implies that Xii^(z) 
does not vanish at any point of /, and that W{z) ~ Xii(z)e'*s^^'. This completes the proof. 



6.4.2 Asymptotic behavior of the zeros. Proof of Theorem 2.14. 

Theorem 2.14 is a consequence of the estimate (141) established in Theorem 2.13, the strict inequalities 
< d/i,„jjj/(ia; < p'^{x)/c holding by definition for J <Z I because / is a band, and from the strict inequality 
Ai{x) > for a; e J C M stated in Theorem 2.13. 

6.5 Asymptotic behavior of 'KN,k{z) for z near a band edge. 
6.5.1 Band/void edges. Proof of Theorem 2.15. 

First consider a left band endpoint z = a between a band / (on the right) and a void F (on the left). We 
take the contour parameter e sufficiently small that Proposition 5.15 controls E(z) — I, and then choose 
r > sufficiently small that the disc jz — a| < r is contained in the disc D^'^ . For such z, we thus have the 
following exact formula for ■KM,k{z): 




(515) 



This follows from (354), (356), (358), (359), (416), (451), (485), and Proposition 1.3. 
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Recall from § 5.1.2 that Hp'^(z) is analytic throughout D^'^. From the definition of this function in 
terms of t^'^{z) and X(z) it follows that the first column (second column) of Hp'^(z) is uniformly bounded 
in Z?p by a quantity of order N~^^^ (of order N^^^). Also, Proposition 5.3 implies that the matrix elements 
of H;;^^(2) are real for real z. We may now use an argument based on the midpoint rule for Riemann sums 
to approximate the terms in square brackets on the second line of (515), recall Proposition 4.3 to handle 
Ta{z) and use Proposition 5.15 to estimate E{z) — I. 

Finally, we may observe from § 5.1.2 the relations 

H^f.iz) = -H-{z){-r^^\z)Y'\ 

(516) 

<^(z) = H^{z){-r^^\z))-^/\ 

where we have used the identities W{z) — Xii(z)e'^f(^' and Z{z) = Xi2(2;)e~''^^^\ and the functions H^{z) 
are defined by (114). This completes the proof of the asymptotic formula (149) and the corresponding error 
estimates. 

Since t^'^(z) is uniformly bounded independently of N for z in shrinking neighborhoods of the band 
edge z = a with radius of order iV~^/'^, we immediately obtain the asymptotic formula (152) and the 
corresponding error estimate. 

Next, consider a right band endpoint z = (3 between a band / (on the left) and a void F (on the right). 
Again taking e small enough that Proposition 5.15 controls E(z) — I, we take the parameter r small enough 
that the disc 1^ — /3| < r is contained in the disc D^'^ . In this case, we have the exact formula: 



T^N,k{z) = 




(517) 



This follows from (354), (356), (358), (359), (424), (452), (485), and Proposition 1.3. Once again, we see 
that the second line in (517) may be replaced by 1 + 0(1/A^) uniformly for |z — /3| < r. Since the first column 
of Hp ' (z) is uniformly of order iV^^/^ and the second column of Hp ' (z) is uniformly of order N^^^, and 
since we have the exact representations (from § 5.1.2) 

Hjf,{z) ^ ^H+{z){-r^'^{z)f'^ 

(518) 

Hlf,{z) = -zH-{z){-T^-"iz))-''\ 

we immediately obtain the asymptotic formula (154) and the corresponding error estimates with the use of 
Proposition 5.15. The asymptotic formula (157) and its error estimate then follow exactly as before, since 
Tp ' (z) remains uniformly bounded as — s- cxd if |z — /?| < rN~'^/'^. Note that in this case the matrix 
elements of Hp are imaginary for real z. 

6.5.2 Band/saturated region edges. Proof of Theorem 2.16. 

First consider the neighborhood of a left band edge z = a separating a band / (for z > a) from a saturated 
region F (for z < a). We choose the contour parameter e sufficiently small that Proposition 5.15 controls 
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the matrix E(z) — I. Then we choose r > small enough that the disc |z — a| < r is contained within the 
disc Z?p In this case, we have the following exact formula for TTN,k{z): 



ttn 



3, 1/6 
4 



exp -N / log(z - x)p°{x) dx] T] ~ ^N,n) 



(519) 



^1/6 



A.L, 



where F^{z) and Fg{z) are the combinations of trigonometric functions and Airy functions and their deriva- 
tives defined by (160). This formula follows from (354), (357), (360), (361), (432), (453), (485), and Proposi- 
tion 1.3. The terms on the second line of the right-hand side in (519) are 1 + 0{1/N) as ^ 00 uniformly for 
\z — a\ < r, as can be seen from a midpoint rule approximation of the integral, and by using Proposition 4.3. 
Proposition 5.15 is then used to control E(z) — I. Noting that the second column of Hp '^(z) is uniformly 
of order N^^^ while the first column of Hp '^(z) is uniformly of order iV~^/^, and moreover recalling from 
§ 5.1.2 the explicit formulae 



H^]\{z) 



-iH^{z) 



A,L 



-zH+iz) (-rp^-^(z)) 



1/4 



-1/4 



(520) 



which also rely on the identities W{z) = Xii(z)e'*^*-^-' and Z{z) = Xi2{z)e "f^^), the asymptotic formula 
(159) is obtained along with the corresponding error estimates. The asymptotic formula (163) then follows 
along with its error estimate by noting that Tp '^{z) remains uniformly bounded asA'^^ooifjz — aj < 

Next consider the neighborhood of a right band edge z = (3 separating a band / (for z < (3) from a 
saturated region F (for z > (3). Again take the contour parameter e sufficiently small that Proposition 5.15 
provides a uniform estimate of E(z) — I on appropriate closed sets, and then choose r > small enough that 
the disc |z — /3| < r Is contained within the disc D^'^ ■ Then we have for z with jz — /3| < r the exact formula: 



T^N,k{z) 



2^g('7(-)-7)/2gJVL^(.) 



Ta(z)-i/2 expl-N f \og{z-x)p°{x)dx] T\{ 



Z - XN,n) 



1/6 



E,,{z)H^f,{z) + E,,{z)H^'^^{z)]F^{z) 



(521) 



-1/6 



Eu{z)H^fdz) + E^,{z)H^f,{z) F§{ 



where F^{z) and Fg{z) are the expressions defined by (166). This formula follows from (354), (357), (360), 
(361), (440), (454), (485), and Proposition 1.3. Once again, the terms 011 the second line of the right-hand 
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side of (521) can be approximated uniformly for — /3| < r as 1 + 0{1/N) as N oo. Proposition 5.15 again 
guarantees that uniformly for |2 — /3| < r we have E(z) — I = 0{1/N), and then noting that H.^'^{z)N'^^/^ 
remains uniformly bounded as — > oo and more specifically that 

(522) 

we complete the proof of the asymptotic formula (165) and its corresponding error estimates. Since r^'^'iz) 
is uniformly bounded as — > oo with |z — /3| < rN~^^^, we then obtain immediately the asymptotic formula 
(169) and its corresponding error estimate. 



7 Universality: Proofs of Theorems Stated in § 3.4 
7.1 Relation between correlation functions of dual ensembles. 

Since the holes are also governed by a discrete orthogonal polynomial ensemble, the correlation functions for 
holes are again represented as determinants involving the reproducing kernel, this time corresponding to the 
dual weights. It turns out that there is a simple relation between the correlation functions for particles and 
those for holes. 



7.1.1 Probabilistic approach. 

Let i?^''^'' be the jTi-point correlation function of the dual orthogonal polynomial ensemble for the holes. 

Hence R^^''^^ is defined as in (210) with the replacement of p^^''^^ by p^^'^-*. Let Kj^ j. denote the reproducing 
kernel of the dual ensemble. Then (213) implies that 

R^^'^\xi, . . . , a;„0 = det{K ^j,{x„x.j)) ^^^.^^ , (523) 
for nodes xi, . . . , x^- Now, given nodes xi, . . . , Xm, 
P(there are particles at each of the nodes xi, . . . , Xm) 
= P(there are no holes at any of the nodes xi, . . . , Xm) 

m 

= 1 — P(there is a hole at the node Xi) + P(there are holes at both of the nodes Xi and Xj) 

— ^ P(there are holes at each of the nodes Xi, Xj,Xk) + • • • . 

l<i<j <k<m 

(524) 

Thus from (210), 

m _ 

i=l l^i<i<^ l<i<j<k<m 

(525) 

Therefore the determinantal formula (213) for the correlation functions implies the following. 

Proposition 7.1. Let Kj^^k be the reproducing kernel (214) for the discrete orthogonal polynomial ensemble, 
and let A'jy be the reproducing kernel of the corresponding dual orthogonal polynomial ensemble. Then with 
k = N-k^ _ 

det{KN,kixt,Xj))^^^ ,.^^ = det{S^J - K^j,{xi,Xj))^^^^^^^. (526) 
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In particular, when m = 1, this result implies that for a node x G Xn, 

KN,k{x,x) = 1-Kj^j,{x,x) (527) 
and then when m = 2 we further discover that for nodes x y, 

KN^k{x,yf =K^^^{x,yf . (528) 

7.1.2 Direct approach. 

It is possible to establish these same results, and also to refine (528) by determining the relative sign 
of Kiq±{x,y) and Kj^j.(x,y), by using Proposition 1.3 regarding the solution formula for Interpolation 
Problem 1.2 and the dual relation 

N~l 

V{z;N,k) ^ aiP{z;N,k)W^{z~ XN,nr"''cri, k^N-k. (529) 

n=0 

Here, P(z;7V, fc) is the solution of Interpolation Problem 1.2 with weights {wN,j} on the nodes X^i and 
P(z; A^, fc) is the solution of Interpolation Problem 1.2 with the dual weights {wN,j} defined by (44) and 
with the exponent k in the normalization condition replaced by k. Note that (529) implies in particular that 
if z and w are not nodes (2, w ^ Xn), then 

N-l 

\^{z-N~k)-^V{w-N,~k)\^^ = [V{z-N,k)-^V{w-N,k)\^^ X{{z - XN,n){w - xn^u) ■ (530) 

n=0 

Suppose first that n ^ m are distinct indices. Then 

W W ]\[ rn'^ N n / — - _i — - \ 

Kpf k{xN,m,XN,n) = ' — [P {x N ,,n; N , k) P{xN,n;N,k)) 

XN.,m - XN,n 

= ■ hm (P{w;N,k) ^P{z;N,k))„^ 

XN,m - XN,n ""^^w,™ 

Z^X]Sf,7l 



N-l 



(531) 



hm Y[iw-XN.j){z-XN,j)- {Piw;N,k)-^P{z;N,k))^ 



z — _ 



where in going from the second to the third line we have used (530). The limiting operation is neces- 
sary because while (P{w; N,k)^^P{z; N,k)'^ is analytic in w and z near w — ^A^.?n and z — xj^ri^ 
(P{w; N, k)~^P{z; N, k)'j has singularities at these points. Next, using the definition (44) of the dual 
weights, we obtain 



W — ^X]y 

{ 1 Vm+n 

N k\XN,m, XN^n) 



lim [{w - XN,m){z - XN,n) {P{w;N,k) ^P{z]N,k))^^ 



y/WN,mWN,n XN,m - XN 



Res P(w;iV, fc)-i Res P{z]N,k) 



12 



(532) 
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where we have used the fact that det 'P{z; N,k) = 1 which hiiphes that 'P{z; N,k) ^ has simple poles at the 
nodes just like P(z; N, k) does. Now again because det P(z; N, k) = 1, we obtain from (18) that 



Res P(w;Ar,fc)~i= 



-WN,: 





P(w;iV,fc)-i 



Using this, together with (18), we arrive at 



-WN,,nWN,n {F{xN,m;N,k) {x N N , k)) 



XN,m — XN,n 

(P(xjv,^; N, k)-^V{xN,n] N, k))^^ 



XN,m — XN,n 
= i-ir+''+'KN.k{xN,^,XN,n). 

Thus, we have proved the following, a more specific version of (528). 
Proposition 7.2. For distinct nodes x ~ XN,m and y = .tjv,ti in Xm, 

where k = N — k. 

Now, we consider the reproducing kernel and its dual on the diagonal. We begin with 

d 



k{xN,m,XN,m) = WJV,) 



dz 



P(z;7V, fc)- 



P{xN,rn;N;k) 



21 



-Wat,, 



P{xN.m\N, k)-^—P{z;N, k) 

dz 



But, using (529), we see that 



P{z-N~kr^^P{z-N~k) 
dz 



N-l 
3=0 



P{z;N,k)-^-^P{z;N,k) 
dz 



n N-l 



(533) 



(534) 



(535) 



(536) 



Y[iz-XN,,r'''ai 



N-l ^ 

and the second term is a diagonal matrix. Consequently, 

(N-l 
TT (z - XN,7n)'^ 
j=0 



N-l 

Y[iz~XN,jy 

J=0 



P{z;N,k)-^-^P{z;N, k) 
dz 



(537) 



(538) 
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From Proposition 1.3, we then get 



P{z;N,kr'-^P{z;N,k) 
az 



N-l N-l 

EE 

n=0 j=0 



-Pii {xN,n ;N,k)P2i {xN,j ;N,k) - PujxNj ; N, fc)P2i {xn.u ;N,k) 

{z - XN,n){z - X]SjY 



WN,nWN.J (539) 



Pii{xN,n; N, k)P2i{xN,j;N, k) - Pii{xN.j;N, k)P2i{xN.n; N, k) 



Therefore, 

^ N.k{xN,ra, XN,m) 



{Z - XN,n){z - XN,iY 



N-1 

-WN,mWN.m Y\_ i^N,m - XNjY 
N-1 



EPllixN,n; N, k)P2l{xN,m] N, k) - Pll{XN,m] N, k)P2l{xN,n] N, k) 
1 1 ""^W.n , 



n=0 



XN,m — Xn, 



and using (44), this becomes 

N-l 

K N ,kix N ,m, X N ^rii) ~ ^ ^ ^ 



-Pll(a:^Ar,«; iV, k)P2\ {xN,m; N, k) - Pll[XN,m\ N, k)P2i{xN,n; N, k) 



XN,m — XNa 



(540) 



WN.n ■ (541) 



Now for z G C \ Xjv, we have dct P{z; N,k) = 1, and taking the hmit z — > x^.m with the use of the exphcit 
formula for P(z; N, k) furnished by Proposition 1.3 yields the identity 



WN,m 



P2I ixN,m; N, k)—Pii{z- N, k) 

az 



- PllixN,m;N, k)—P2l{z-N,k) 

az 



z=xn,„ 



N-l 



(542) 



EPll{xN^rn.;N, k)P2l{xN,n;N, k) - Pll{xN,n; N, k)P2l{xN,m] N, k) 
~ ~ 



ri=0 



XN,m — XN,n 



So, we have (again using detP(z; N, k) = 1), 

d 



k{xN,m, XN.m) = 1 - WN,i 



dz 



P(z;iV,fc)-i 



F{xN,ni;N, k) 



= 1 - KN,k{xN,,n, XN,7n) (543) 



21 



which completes the direct proof of the following. 
Proposition 7.3. For any node x £ X^q , 

Kfqj.{x, x) = 1- KN.k{x, x) 

where k = N — k. 



(544) 
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Combining Propositions 7.2 and 7.3, we therefore may write for any given set of nodes xi, . . . , Xm, 

{KN.ki^^^XJ))^^^^^^^ =D(% - A'Ar,fc(a;j,a;j))j<,^^.<,„D, (545) 

where D := diag(l, —1, 1, —1, . . . , (—1)™+^). Taking determinants then yields another independent proof of 
Proposition 7.1. 

<i Remark: The dual ensemble is useful for several reasons. Of course, the statistics of holes are often of 
independent interest. But even if one is only interested in particle statistics, the dual ensemble is very helpful 
in the analysis of statistics near saturated regions of the node space Xn where the upper constraint is active 
for the particle weights. It follows from Proposition 2.6 that each saturated region for the particle weights 
with k particles is a void for the (dual) hole weights with k = N — k holes. In this way, each calculation 
valid for the particle ensemble near a void automatically translates via Proposition 7.2 and Proposition 7.3 
into a statement about particle statistics near saturated regions. i> 



7.2 Exact formulae for KN^k{x,y). 

The following result will be used often below to obtain formulae for K]y_k{x,y) and KN^kix,x) in various 
regions of [a,b]. 

Lemma 7.4. Let x he any node satisfying x e H Eg'. Then 



g(-r,(x)+7+2Kg+(an))/2g-iAre(a;)/2 



y/2Tr NpO{x) 



(546) 



-rv(x)i/2 



Here the variational derivative is evaluated on the equilibrium measure fJ.'^^^, and g^{x) denotes the boundary 
value taken by g{z) as z x with '^{z) > 0. 

Proof. Let x = xn.j G Xn H Sq'- Hence j £ V. Substituting for wn{-) from (2) and (11), and using the fact 
that X = XN,j G Xpf, we get 



n 



«;(a;)e^^=+^e2('^-#^)9+(-) J] {x-xn.u)' - (-1 

neA 



^N-l^j^-NV(x)-ri(x))+Ne,+j+2(k-#A)q+(x) »gA 



But, using (296), we have 



nev 

(547) 



J]^ (z - XN^n) 



riGA 



lim (z — xnj) 



neA 



nev 



Y\_i^- XN,n) 

nev 



Z — XN,j 



liui , n , , 

2cos(^^ 



■rv(z)exp -N 



log \z — s\p°{s) ds — 



^^log|z-s|p°(s)ds ^ 



(548) 
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The limit of the fraction can be taken using THopital's rule, and the remaining factors are continuous for 
real z. Thus, we arrive at 



(xiv,^ - a:jv,«) Tv(a;Arj) exp -iV 



Ti6A 



log Iccjvj - s|p°(s) ds - \ log I^ATj - s\p^{s) ds 



nev 

From the definition of and (10), 



sin 



iV0"(.TjVj) 



(549) 



2N -2j - 1 



sm ^ 

V 2 



= (-1) 



(550) 



Therefore, recalling the definition (292) and (289) of the complex phase function g{z), the definition (73) of 
the variational derivative of the energy functional Ec[-] and the definition of 6{z) (295), we obtain an identity 
that is the square of (546). By directly comparing the arguments of both sides of (546) one verifies that the 
square root has been taken consistently. □ 

The following elementary lemma will be useful. 

Lemma 7.5. Let f{x) and M{x,y) he differentiable functions with M(x,x) = 0. Then 



^ [/(x)/(2/)M(x,y)]^_ = f{xr^M{x,y) 



(551) 



We will now use these results to express KN,k{x,y) in terms of the piecewise analytic global parametrix 
X(z) and the error matrix E(z), for x and y in different parts of the interval [a, &] of accumulation of the 
nodes. The first result in this direction is the following. 

Proposition 7.6. Let x and y he distinct nodes in a hand L, both lying in the same component o/ and 
lying outside all discs D^'* . Then 

KN,k{x,y) = 

and 



1 ^T^iNe(x)a^/2■Q(^^■^-l■Q^yy-^N9(y)a^/2^ 



2iiN^p^{x)p^{y) 



x-y 



KN,k{,x,x) 



1 



2TT Np^{x) 



whe 



(note that v-^w = 0) and 

B{x) ~ E+(.T)X+(a;)e(''»+(^)+'^/2-''(^)/2)'"^ , 
and the subscript "+" denotes the boundary value taken as z ^ x with 3(z) > 0. 
Proof. For distinct nodes x and y, we begin with 

.[P(a;;iV,fc)-^P(y;jV,fc)]^^ 



KN,k{x,y) = ^yw{x)w{y)- 



(552) 

(553) 
(554) 
(555) 



x-y 



(556) 
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and defining the quotient by I'Hopital's rule, 



Now, for any real x £ Sq', we have from (34) and (287) that 



(557) 



y=x 



P(x;N,k) = n+ix) 



(x - XN,n) ^ 



1 ie 



J]^ (x - XN,n) 
nGV 



V 



(X - XN,, 

.neA 



(558) 



where R+(a;) denotes the boundary value taken from the upper half-plane (from the left-hand side of the 
contour E; see Figure 9). Thus, 



[P(x; N, fc)-^P(y; N, k)]^! = [R+(x)-iR+(2/)]2i ^{{x - XN,n){y - xn.u) 



[S+(x)-iS+(y)]2ie^^=+^e 



Nt,+-1 (k-#A){g+{x)+g+{y)) 



W_{X - XN,n){y - XN,n) 



(559) 



where the second equality follows from (293). When we further suppose that x and y lie within the same 
component of Sq' this formula may be rewritten as 

[Pix;N,ky^Piy;N,k)]^^ = [S+(.T)-iS+(y)] e^^=+^e(^-#'^)(f+(-)+«+(«)) J] \x - xnJIv - x^^^l . (560) 

TieA 

Letting x and y lie in a band / C Sq', we have from (349), (456) and (455) that for z ~ x ot z = y, 

1 



S+(z) = E(z)X+(z) I |Tv(z)--^/2, 
igvi^)-'f-2Kg+{z)^iNe{z) I 



(561) 



and thus 



[S+(x)-lS+(j/)]2^ = rv(x)-l/2g-(«9+W+7/2-^(x)/2)g,iVe(.)/2 

. y^(y)-l/2g-(Kg+(y)+7/2-»)(a)/2)giWe(y)/2 ^5g2) 

• v^e'^''(^)'^^/2B(x)-iB(y)e-*^''(^)"^/ V , 
since E(z) is analytic in the band so that E(z) = E+(z). Now we substitute into (560): 

[P(x; iV, fc)-ip(2/; ^, fc)] = /(a-)/(y)v^e'^''(-)^^/2B(a;)-iB(y)e-'^^''(«)'^-^/2w (563) 

where 

fiz) := Tv(z)-i/2e-(-9+(-)-''(-)/2)e^^=/2e('=-#^)9+(-) [] |z - xw,„| . (564) 

neA 

Now (563) holds for any x and y in the same band of S^, and when we specialize to nodes x,y & X^, we 
obtain formulae for the reproducing kernel. Therefore, 

^T^tNe{x)a3/2^(^^yl-Q(^y^^-iN0iy)a3/2^ 



KN,k{x,y) = y^w{x)w{y)f{x)f{y)- 



x-y 



(565) 
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and using Lemma 7.5, 



(566) 



Since x S Xn and y £ Xjv, we may use Lemma 7.4 along with the equihbrium condition (79) that holds for 
X and y in a band / to deduce 



Vw(x)f{x) = 



1 



y/2nNpO{x) 



and \Jw{y)f{y) = 



1 



for a; and 2/ in Xjv n / C S^. (567) 



This proves (552). To complete the proof of (553), we carry out the differentiation in (566), noting that by 
definition (see (289) and (295)) 



9'(x) = 2^c^^(x), xeS^. 



(568) 
□ 



Proposition 7.7. Let x and y he distinct nodes in a void T lying outside all discs Z3p '*. Then 



KN.k{x,y) 
and 

where 



Tv(x)l/2Tv(y)l/2e-^^^[^(-)-^c]g-iJV[ff(y)-f.] sl"^ e'N9ra^/2^^^yl■Q(^y■^^^^Ner.s/2^ 



KN,k{x, x) 



2Tr N^pO{x)pO{y) 

Tv(x)e"^[^(-^-^-] 
2Tr NpO{x) 



x-y 



■ a^e'^^--^/2B(x)-iB'(x)e-*^''^'^^/2b ^ 



(569) 
(570) 

(571) 



(note that a^h — Q), B(a;) is defined by (555), and the variational derivative is evaluated on the equilibrium 
measure /i^jn- 

Proof. Note that the two points x and y lying in the same void interval necessarily belong to the same 
component of Tjq . The proof follows that of Proposition 7.6 with only a few modifications. First, in place 
of (561) we have the simpler relation 

S+(x) = E+(x)X+(x). (572) 

Next, when we use Lemma 7.4 we must retain the exponentials involving the variational derivative since in 
place of (79) we have the variational inequality (77) because x and y are in a void F. Finally, we recall that 
the function e'^^^i^) takes the constant value e*^^"" throughout F. □ 

Recall the definition of the mappings t^'^ and t^'^ given in (83) and (84) respectively. 
Proposition 7.8. Let x and y be distinct nodes in a disc D^'^ . Then 

1 ci^^\xrA'^'\x)-^A^^\y)v^^\y) 



KN,kix,y) 



N-2/3^p^{x)p0{y) 



x-y 



and 



KN,kix,x) 



-ci^-'ixfA^^\x)-'^ix)r^^'ix)-ci^'^ixf^ix) 



(573) 



(574) 



114 



where 



qp [x) := 



V 



i) 



2/3 



V.L/ N 

Tp (a;) 

o\ 2/3 



(i) 



2/3 



2/3 



(^noie t/iat c^'^ {xf^ v^'^ {x) = Oj, anrf 



-0-3/6 



Similarly, if x and y are distinct nodes in a disc D^'^ , then 

1 q^'^(.)A^^«(x)-^A^^«(y)r^-«(z/) 



KN.k{x,y) 



NV^^pO{x)pO{y) 



x-y 



and 



KN,k{x,x) 



N^/3p0{x) 



/ 

(575) 
(576) 

(577) 
(578) 



where 



qp^^^(.) 



V 



^Ai 



N-^/^At' 



i) 



2/3 



T^'^{x) 



2/3 



T^'^(x) 



N-'/'At' - 



Ai 



2/3 



r^"^(x) 



2/3 



rp^^«(x) 



('noie again that q^'^ {x)'^r^'^{x) = 0/, and 



aJ-^(x) E(a;)H^^^(a;)iV"^/6 



/ 

(579) 
(580) 



Proof. Using the fact that x and y necessarily he in the same component of Sq', we stiU have the relation 
(560), where the subscript "+" indicates a boundary value taken from the upper half-plane. Now the 
matrix S(z) is analytic for all z G ' H C+, so to obtain a formula for S(z) we may choose arbitrarily 
whether to consider z in quadrant I or quadrant II of D^'^ (the answer is necessarily the same). For 
concreteness, we choose to evaluate S+(a;) by taking a limit from D^'^j (above the void F). In this region, 
8(2) = X(z) = E(z)Xp '^(z), so from (416) we then obtain that for x and y in D^'j'j, 



[S{x)-'Siy)]^^ = j.^^^)-l/2g(^(.)-7-2Ks(.))/2g,iVer/2 .y^(^)-l/2g(„te)-7-2K<,fe))/2g.JVer/2 



where 



1/3 , 



G(x-)-iA^'^(x)-iA?^^(2/)G(y) 



(581) 



21 



G(z):=(-j 7V^"-^/^Z^'^(r^'^(z))iV"-^/M - j . (582) 
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Using the explicit formula for Z"' (C) furnished by (411) of Proposition 5.5, we then obtain 



(583) 



Substituting into (560) gives 

[P{x; N, fc)-ip(y; N, k)] = Ny%{x)b{y)qJ''^{x)^A^-'^{x)-^A^-''{y)rP''{y) (584) 

where 

biz) V2^e(-^''"(-))-^'V2j.^(^)-l/2g-(KS+(.)-,(.))/2g.iVer/2giV^./2g(fe-#A)<,+ (.) | ^ _ ^^^^| (ggg) 

neA 

Here, by (— t^'^(z))'^/^ we understand the boundary value taken on R from 3(z) > 0, or equivalently 
3(t^'^(z)) > 0. The subscript "+" on g+{z) denotes the same limit. Using Lemma 7.4, we see that for any 
node z in Dp'^, 

= 7W • 

where the variational derivative is evaluated for /i = /ijjjjjj. Now, if the node z lies in the void F, then 
e{z) = Or modulo 2n/N, but from (397) and (83), wc sec that {-t^'^ (z))-^^^ = N[5EjSfi{z) - 4]. On the 
other hand, if the node z lies in the adjacent band, then from (79) wc have 5Ec/ 5^{z) — = 0, but again 
(83) gives the identity (— t^'^(z))~^/^ = iN{9{z) — 6'r) modulo 27ri. Thus, for all nodes z in Dp we have 
^/w{z)b{z) = 1/ yjNfP{z). This proves (573). Using Lemma 7.5 we also obtain (574). 

The proofs of (577) and (578) are analogous. It is perhaps noteworthy that the origin of the leading 
minus sign in these formulae is the factor ia^ relating Z^'^(C) and Z'^'^(C) (see (422)). □ 

< Remark: In each case we may verify after the fact that for a node x E Xn, 

KN.k{x,x)^ lim KN,k{z,w), (587) 

z^w — >x 
z^wGC^ z^w 

that is, in each region KN^k{x,y) may be viewed as an analytic function of two complex variables sampled 
at the discrete nodes Xn x Xn. This is not obvious from the definition. Indeed, the definition (214) of 
KN.k{x,y) can a priori only be evaluated when x and y are both nodes due to the factor w{x)w{y) . If 
the weights were given in the form WN,n = w{xN,n) for some analytic function 'w{x) there would be a direct 
interpretation of the limit process (587). However, the weights under consideration (given by (11)) do not 
have the exact form of an analytic function simply sampled at the nodes, due to the presence of a factor 
involving an essentially discrete product over nodes. Indeed, the derivation of the exact formulae above for 
KN,kix,y) both on and off the diagonal made explicit use of the fact that x and y are discrete nodes via 
Lemma 7.4. > 

The following result can also be extracted from the proofs of Propositions 7.7 and 7.8. 

Proposition 7.9. Let x and y be nodes in the same component of Sq'. If y lies in a disc D^'^ and x lies 
outside the disc but in the adjacent void F. Then 

•r ^v(^)'^'-^-*"l^'"-'-l a^e"»r.,/.B(.)-AV-^(,)..V-^(ri 

' iV5/6^27rpO(a;)pO(y) x-y 
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Similarly, if y lies in a disc Dp'^ and x lies outside the disc hut in the adjacent void V , then 



KN,k{x,y) = -i 



Tv{x) 



1/2, 



(y)r?'''(2/) 



N^/^^2T:p^{x)p^{y) x-y 
Here the notation on the right-hand side is the same as in Proposition 7. 7 and Proposition 7. 8. 



(589) 



7.3 Asymptotic formulae for Ki^^k{x,y) and universality. 



Lemma 7.10. Fix a closed interval F C [a, 6] that contains none of the hand endpoints OiQ,...,aG and 
(3o, . . . , Pg- Without loss of generality, fix the contour parameter e > sufficiently small that F lies outside 
all discs £)p * and that Proposition 5.15 controls E(z) — I. Then there is a constant Cp > such that for all 
N sufficiently large. 



sup 
xeF 



\B'{x)\\ < Cf and 



sup ■ 

x.y^F 



mx)-'B{y) 

\x - y\ 



< Cf , (590) 



, h] (note that B(.t 



where || • || denotes a matrix norm and B(a:) is defined by (555) for arbitrary x S 
depends on e via E(a;) ). 

Proof. The matrix W(z) := X(z)e'-'*^^^-'+'''/^^'''^^/^^'^^ can be analytically continued through the interval 
F from the upper half-plane by a jump relation of the form (see Riemann-Hilbert Problem 5.1) W_|-(z) = 
W_ {z)v where v is a constant matrix (with respect to z) whose entries are uniformly bounded as ^ oo (for 
2; in a void or saturated region Ti we have v = e^^^'^i"'" and for z in a band / we have v = —iai). Since W(z) 
is uniformly bounded for z S C \ Smodci bounded away from the band endpoints (from Proposition 5.2 and 
(13) as well as the assumption that k remains bounded as A'^ ^ 00), it follows that the analytic continuation 
of W+(z) from F is uniformly bounded in a fixed complex neighborhood G of F as iV ^ 00. Cauchy's 
Theorem applied on a closed contour in G encircling F then shows that W+(z) and all its derivatives remain 
uniformly bounded in as A'^ ^ cx). 

The same is true of the matrix E(z). Indeed, if is a subinterval of a band /, then E(z) is already analytic 
in a complex neighborhood G of F, and is uniformly bounded in G as — > 00 according to Proposition 5.15. 
The uniform boundedness of all derivatives of E+(z) = E(z) for z £ F then follows from Cauchy's Theorem. 
On the other hand, if F is a subinterval of a void or saturated region, then the analytic continuation of 
E+(z) to the neighborhood G is accomplished by the formula E+(z) = F(z) where r(z) is the solution of 
Riemann-Hilbert Problem 5.12. Since F(z) is uniformly bounded in G, again Cauchy's Theorem implies that 
all derivatives of E_|_(z) are uniformly bounded for z € F. 

Combining these results using B(a;) = E+(a;)W_|_(x) establishes that B'(x) remains uniformly bounded 
in F as N ^ 00. The boundedness of the difference quotient follows from this result and the uniform 
boundedness of B(x) itself, since det(B(a;)) = 1. □ 



Lemma 7.11 

E(z) 



Fix a value of the contour parameter e > sufficiently small that Proposition 5.15 controls 



I on appropriate closed sets. Then for each disc D^'^ there is a constant Cp'^ > and for each disc 



Dp'^ there is a constant C^ '^ > such that for all N sufficiently large, 



xGD, 



sup 



dA 



dx 



<x) 



< Cp'^ and 



sup 



A^-^(x)-iA^-"(;;)-: 

\x - y\ 



< G 



(591) 



sup 



dA 



dx 



-ix) 



and sup 



|Ap'-^(a::) ^ Ap '-"(y) - ^ ^s/,R 



\x - y\ 



<G 



r ' 



(592) 



where \\ ■ \\ denotes a matrix norm, and Ap '^(x) is defined by (576) and A^'^ (x) is defined by (580). 
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Also, for the same constants and for sufficiently large N 
sup ||qp < C^'^ and 



sup |lr^^^(cc)|l < C^^^ 



sup ||qp' (a;)|| < Cp 



sup ||rp (x)\\ < Cp 



Finally, there is a constant K > such that for sufficiently large N , 



sup ||qp'-^(x)|| < 

x<a 



iVl/6 



sup 

xeD^-^-i 

x<a 
V,L 



(^)ll < 



(593) 
(594) 

, (595) 



where a is the band edge point at the center of the disc Z3p ' , and 



sup 

xeD^-'^r 

x>/3 



r<^,R-NK{x~l3f'^ 



and 



sup 

x(iD^-''( 
x>l3 



r<^,B.-NK(x~l3f^^ 



iVl/6 



(596) 



where [3 is the band edge point at the center of the disc D 

Proof. The statements concerning the matrices Ap'^(x) and Ap'^(x) are elementary consequences of two 
facts. First, from Proposition 5.15, we have that £(2;) is analytic and remains uniformly bounded as ^ 00 
in each disc D^' or D^' . Next (see § 5.1.2) the product Hp' {z)N'^^^^ is analytic in each disc ' 
and remains uniformly bounded there as A'^ — 



D 



while the product Hp '^(z)iV°'^/^ is analytic in each disc 



P and remains uniformly bounded there as A'^ — > 00. It follows from Cauchy's Theorem applied on the 
boundary of each disc that all derivatives of Ap'^(z) are uniformly bounded independent of N in -Dp'^, 
and the same holds for Ap '^(z) in D^'^ . The boundedness of the difference quotients then follows since 



det(A^'-^(a;)) = 1 in D^^'^ and det(A;^ '"(cc)) = 1 in 

The statements concerning the vectors qp'^(a;), rp'^(x), qp'^(a;), and rp''''(x) are obtained from the 
asymptotic formulae (414) and from the elementary estimates holding for all x > 0: 

^-2x'>'^/3 



-.V.L 



W{x)\ < 



Ce 



(1 



U/4 



and \M'{x)\ < C{1 + xf^e-'"''''!^ . 



(597) 



where C > is some appropriate constant. Then one uses the fact that in each case the argument of the 
Airy functions is A^^/-^ times an analytic function of x that has a nonvanishing derivative and is independent 
of Af. □ 



7.3.1 Universal statistics for particles in a band. Proof of Theorem 3.2 and Theorem 3.3. 

Consider a fixed closed interval F in the interior of a band /. We can easily establish the following asymptotic 
formulae uniformly valid in F . 

Lemma 7.12. Let F be a fixed closed interval in the interior of a band /. Then there is a constant Cp > 
such that for all sufficiently large N , 



max 

x^XnDF 



KM,k[x,x) 



p° {x) dx 



(x) 



< 



Cf 

N 



(598) 



max 

x.yeXunF 



sin(^(0(x)-%)) 



NTT^p°{x)p°{y) 



x~y 



< 



N 



(599) 
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where 9{z) is defined in (295). Also, for some other constant C'p > and N sufficiently large, 

max \ix - y)KN.k{^.v)\ < % ■ (600) 

Proof. First, note that without any loss of generahty, we may suppose that F lies in T,J . Indeed, if I is 
a transition band this can be arranged by judicious choice of the transition points Yoo- But even if / Ues 
between two saturated regions, a pair of artificial transition points may be introduced in /, one on each side 
of F in order to "switch" F back into Sq'. Then, applying Lemma 7.10 to the exact formula (553) established 
in Proposition 7.6 then yields (598). Similarly, applying Lemma 7.10 to (552) and using the identity 



,T^^Niei.)-eiy)).,/2^ = 2 sin (^y(e(x) - e{y))^ 



(601) 



proves (599). Then (600) follows from (599) . □ 

The estimate (600) shows that the reproducing kernel is concentrated near the diagonal, and a nonzero 
limit for K]y^kix,y) as N oo may only be expected for nodes x and y in F with x — y of size bounded 
by 1/A^. To find the limit, we will now localize by considering a finite number of nodes near a certain fixed 
X € F (being fixed as — oo, a; is not necessarily a node). Since 

(Nk), ^ n, ^ r number of nodes 

R{ ' [xj- Np [xj = E(number of particles per node near x) ■ ■. — 

unit length 

(602) 

/ number of particles \ 



= E 



unit length / 



from (213) and (598) we see that the asymptotic mean spacing between particles near x G F is S{x)/N where 
i5(a;) is defined by (247). For and rj^ in some bounded set D, we thus consider nodes z and w defined by 

z:^x + ^M^, w:=x + T^N^- (603) 

Note that the admissible values of S,n and rjM are finite in number and are asymptotically equally spaced with 
spacing {p'^{x)S{x))~^ (because z and w are both nodes in Xn)- Since F C I and thus neither constraint is 
active, we have < {p^{x)5{x))~^ < 1. 

Now, from Taylor's Theorem and (603) we have 

e{z)-0{w) = e(x + ^N^-^)-e(x + m^^''^ 



N V N 



Six) Mx)\ / d{x) 



0'{x){^N ~m)^ + o"ir){^N - vn)vn^ + -Y^i^N - mf^i^ 
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for some a and r near x E F. In the last line we have used 0'{x) = 2t: cd ^.'^^^ / dx{x) . Therefore, 



sm(^(0(z)-0H) 



z ^ w 



N 



sin(7r(^Af - 7?Af)) 



COsiq)[e"{T)r^N + ^-^{^N~VN) 



Six) 



2N 



for some g e R. 

Since the node density is analytic and positive, we have 



1 



1 



(605) 



(606) 



because we are assuming ^^r and 77 at to remain bounded as TV — ^ 00. Combining these results with Lemma 7.12 
proves the following. 

Lemma 7.13. Fix x in the interior of any band I , and consider ^jy o^*^ Vn to lie in a fixed bounded discrete 
set D such that z and w defined by (603) lie in the set of nodes Xff. Then there is a constant Cu{x) > 
such that for all sufficiently large N , 



max 



p^{x) dx 



-{x)S{^n,Vn) 



< 



Cd{x) 
N 



(607) 



Applying Lemma 7.12 and Lemma 7.13 to the determinantal formula (213), we immediately obtain 
corresponding asymptotics for all multipoint correlation functions, which completes the proof of Theorem 3.2. 

We now give the proof of Theorem 3.3. From Lemma 7.13 and the asymptotic equal spacing of and 
r]j\[, it follows that if xna and Xnj are two nodes in such that XN,i x and xnj —>■ x while i — j 
remains fixed as ^ 00. and x is in the interior of a band /, then 



KN,k{xN,i,XN,j) = S^j{x) + [-^ 



(608) 



Recall the formula (219) for Ai^''^'^ (B) and its interpretation (218) as a probability. The operator Kn^^ | 
acts on £'^{Bn) with the kernel given by 

KN_k (x + {xi — x),x + {xj — x)) , (609) 

where the Xi are the nodes in Bn- The first result is that as N ^ 00, 



det 1 - tK 



N,k\ 



= det (1 - tS{x)\ 



(610) 



holds uniformly for t in compact sets in C. This follows from the analytic dependence of determinants of 
matrices of fixed finite dimension on the matrix elements, using Lemma 7.13, and then using (608). The 
statement (253) then follows from the analyticity of the left-hand side of (610) in t. 



7.3.2 Correlation functions for particles in voids. Proof of Theorem 3.4 and Theorem 3.5. 

Let F = [u, v] be a fixed closed interval in a void F such that u ^ {/3o, . . . , Pg} and v ^ {ao, . . . , ac}- We 
admit the possibility that u — a ot v = b. Applying Lemma 7.10 to the exact formulae (569) and (570) of 
Proposition 7.7, and taking into account the variational inequality (77), we arrive at the following. 

Lemma 7.14. Let F be a fixed closed interval in a void F that is bounded away from all bands. Then there 
is a constant Cp > such that for all N sufficiently large, 

Cf 



max 



J^N,k[x,y)e^ ' "ie^ ' "i 

where the variational derivatives are evaluated on the equilibrium measure 



< 



N ' 



(611) 
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Applying this result to the formula (213) for the correlation functions, we complete the proof of Theo- 
rem 3.4. 

Now we prove Theorem 3.5. From (611) we see that the reproducing kernel KN^kix,y) is uniformly 
exponentially small for nodes in F. In particular, and unlike in the bands, the kernel is not concentrated 
near the diagonal. In fact, concentration of Kiq,k{x^ y) for x and ?/ in a set F bounded away from the bands 
requires the existence of a local minimum of SEc/Sfj, — ic at some point x £ F. Indeed, suppose first that the 
local minimum occurs at some point in the interior of F and is genuine, so that the expansion (257) holds 
with W > and H > as z x (by assumption the variational derivative is an analytic function of z in 
the void F). The proper scaling is evidently then z — x — 0{N~^/^). Thus, we consider nodes z and w near 
X of the form 



IN 



. - . . ^ , w = x+ , (612) 

for and yy^v in some bounded discrete set D such that z and w are in the set of nodes X^. We then have 
from Proposition 7.7 that 



KN.k{z,w) 



-NW 



N 



qN{x)+0 [ 



(613) 



where the error is uniform for ^jy and rj^ in D, and 



qN{x) := 



2ttp°{x) 



a^e'^'>-^'/^B{x)-^B'{x)e-'^'>-'''^^h 



(614) 



is uniformly bounded as A'' oo. Now the asymptotic spacing between points in the discrete set D is 
H/{^/N p^{x)) which goes to zero as iV — > oo. Thus, for any fixed interval [A, B] C K, 



Ei,,t{[A,B];x,H,N) = ^ r[ 



(N.k) 



A<{jv<B 



N 



HVN 



A<Cn<B 



Cat 



^N 



N 



E 



A<^N<B 



qN{x)+0 ( -j= 



(615) 



-NW „0 



p"ix) 



HVN 



E 



A<^N<B 



QNix) +0 ( -j= 



H 



NpO{x) 



-NW „0 



P%x) 



HVN 



The statement (258) will be established if we can bound qN{x) away from zero as ^ oo. Now, for x 
in a void F, and for A^ sufficiently large that E(z) — I is sufficiently small, qN{x) will be bounded away from 
zero if the Wronskian 



W[Xn+e^'+,X2i+e^'+]{x) Xi2+(.T)e''^'+(")-^A:n+(a;)e'^ff+(^) - A:n+(a;)e^ff+(^)-^A:2i+(.T)e''«'+(^) 

ax ax 



(616) 
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where the subscript "+" indicates a boundary value taken from the upper half-plane, is bounded away 
from zero. The Wronskian is not identically zero in any subinterval of F, for the following reasons. If 
W[Xii+e'^^+ , X2i+e'^^+]{x) were identically zero as a function of x, then there would necessarily be an 
interval in which Xii+{x) and X2i+{x) arc proportional by a constant multiplier. Analytically extending 
this proportionality toward z ~ oo, we see from the normalization condition (X(z) s- I as z oo) that 
we would have to have X2i{z) = 0. The jump condition for X(z) in any band then forces X22iz) = in 
addition, contradicting the fact that det(X(2;)) = 1. 

Since X(z) takes analytic boundary values in the void F, it follows that W[Xii+e'^^+ , X2i+e'^^+]{x) has 
only isolated zeros in F for each value of N. From the exact solution formulae given in Appendix A, the 
number of zeros in F is finite and remains uniformly bounded as iV ^ oo, and the zeros move quasiperiodically 
as N varies. For a given x G T, either we have W[Xii+e'^^+ , X2i+e'^^+]{x) = for all N G Z, or for each 
sufficiently small e > we may extract a subsequence of N values for which |H^[Xii+e'^3+ , X2i+e'*^+](a:)| > e. 
The first situation may only occur for a finite number of .t G F. This completes the proof of Theorem 3.5. 



7.3.3 Correlation functions for particles in saturated regions. Proof of Theorem 3.6 and 
Theorem 3.7. 

Let be a fixed closed interval in a saturated region F that is bounded away from the bands, but which may 
have either a or 6 as an endpoint if the upper constraint is active there. We may exploit the dual ensemble 
(for the holes) to analyze the particle statistics in F. According to Proposition 2.6, the equilibrium measures 
for the particle ensemble with k particles and for the dual hole ensemble with k ~ N — k holes are explicitly 
related, and F lies in a void for the hole ensemble. Consequently, the results of our analysis for x and y in 
a void hold true for the dual kernel fe(^' u) ^^'^ the corresponding hole correlation functions. To recover 
results for the kernel KN^kix,y) and the corresponding particle correlation functions in F, we simply apply 
Propositions 7.2 and 7.3. This proves Theorem 3.6. 

Combining the above duality arguments with the proof of Theorem 3.5 proves Theorem 3.7. 



7.3.4 Universal statistics for particles near band edges. Proof of Theorem 3.8, Theorem 3.9, 
Theorem 3.10, and Theorem 3.11. 

Near the edge of a band, the equilibrium measure vanishes, and hence in the band the scaling x — y = 0{1/N) 
is not correct as the one-point function vanishes in the limit N ^ oo. Also in the void or the saturated region 
near the band edge, the positive constant (255) or (261) is no longer bounded away from zero. Therefore we 
need to introduce a different scaling near a band edge to find the correct scaling limit. 

Under the generic simphfying assumptions listed in § 2.1.2, the density d^'^^^/dx of the equihbrium 
measure vanishes like a square root at each band edge adjacent to a void, and at a band edge adjacent to a 
saturated region, the "dual equilibrium measure" p'~'{x)/c — dfi'^-^^f dx{x) vanishes like a square root. In this 
case, it turns out that the proper scaling is to consider nodes x satisfying 

X - a 0(A^~2/3) or x - /3 = 0(iV"2/^) (617) 

depending on whether we consider a left band edge = a or a right band edge zo = /?• Below, we will show 
that the limiting correlation function under the above scaling is given by the Airy kernel as in the so-called 
edge scaling limit of the Gaussian unitary ensemble of random matrix theory, and also in the context of 
ensembles of more general Hermitian matrices of invariant measure (see e.g. [TraW94] and [BleI99]). 
We begin with the following lemma, which is the analogue of Lemma 7.12. 

Lemma 7.15. For each disc D^'^ there is a constant C^'^ > such that for all sufficiently large N , 



KN,k{x, X) — 



m/^p"{x) 



Ai' (7V2/3t(x))' - At (iV2/3i(a;)) Ai" (iV2/3f(a;)) 



+ e^^\x), (618) 
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and 



Ai (N^'h{x)) Ai! {N^^H{y)^ - Ai' (N^'h{x)^ Ai (N^'h{y) 

x-y 



(619) 

where t{x) := -{3/A)^/^N-^/^t^-^ {x) is a real-analytic function in ' that is independent of N and 
strictly decreasing along the real axis, and 



max 



< 



Ar2/3 



and max 



-(2)^._ 



< 



iV2/3 



(620) 



and also for some constant K > we have the one-sided estimates 



max 

x<a 



,L -2N K{a-xf/^ 

N 



max 



< 



(j^-L^-NK{a-xf^^-NK{a-y)^^^ 



(621) 



N 



where a is the band edge point at the center of the disc D^'^ . Similarly, for each disc D^'^ there exists a 
constant Cp'^ > such that for all sufficiently large N , 



Knm{^,x) = 



t'{x) 



m/3p"{x) 



Ai 



i' [N^/hix)) - Ai [N^/hix)) Ai" [N^'h{x) 



+ e^)(a;), (622) 



and 



KN.ki^.y) 



N^p^{x)p^{y) 



Ai (N^'h{x)) Ai' (iV2/=^i(2/)) - Ai' {n''IH{x')) Ai (^N^/h{y) 

x-y 



(623) 

where now t{x) := —{3/A)'^/^N~'^^^t^'^'{x) is a real-analytic function in D^'^ that is independent of N and 
strictly increasing along the real axis, and 



max 



'N ^ 



< 



Ar2/3 



and max 



'N ' 



x,y) 



< ^ 



V,i? 



7V2/3 



(624) 



and also for some constant K > Q we have the one-sided estimates 



x^x^nD^ 

x>l3 



max 



x^yex^nD^ 

x,y>l3 



< 



< 



fjV,R.^-2NK{x-pf^ 

N 



C^'^g-NK{x-l3f^\-NK{y-l3f^^ 

TV 



(625) 



where (5 is the band edge point at the center of the disc 
Proof. This follows from Proposition 7.8 and Lemma 7.11. 



v,i? 



□ 



123 



Now we localize near the diagonal by considering and rjN to lie in a fixed bounded set such that 



X = Zo+ - 



t'(zo)iV2/3 



and 



y - ^0 + 77 



t'(zo)iV2/3 



(626) 



are nodes. Here zq = a or zq = /? is the band edge, which is independent of N. Because t{zQ) = 0, the 
Airy kernel A(^pf, rjisf) defined by (266) will appear in the asymptotics with ^^r and rjpf considered bounded. 
Although for each N the possible values of and 777V are discrete, their spacing tends to zero like iV~^/'^, 
and in this sense the Airy kernel, unlike the discrete sine kernel, may be thought of as a continuous function 
of two independent variables. 



Now in a disc Dp centered at a left band edge zq = a, a direct calculation using (83) shows that 



t'ia) 



incB 



L^2/3 



, where is defined in (268). Similarly, in a disc D^'^ centered at a right band edge 

2/3 

where Bj^ is defined in (270). With the help of 



Zq = P, one may use (84) to see that t'{/3) = 
Lemma 7.15 we may prove the following result 



Lemma 7.16. For each fixed M > and each left band edge a there is a constant Ca{M) > such that for 
sufficiently large N , 



max 

x,yGXN 



UcB"^) ' 



< 



iV2/3 



(627) 



where B^ is defined via a limit from the adjacent hand from (268) and o^nd rjN are defined in terms of 

X and y using (626) and t'{a) ~ — (ttcB^)^^'^. Similarly, for each fixed M > and each right band edge /3 
there is a constant Cfj{M) > such that for sufficiently large N , 



max 

x,y£XK 
l3-MN-^/3<x,y<p+MN-^/^ 



KN,k{x,y) 



(ttcB 



i^^2/3 



7Vl/3pO(^) 



< 



Cp{M) 

7V2/3 ' 



(628) 



where Bp is defined via a limit from the adjacent band from (270) and ^jv o^nd rjjy are defined in terms of x 
and y using (626) and t'{f3) ~ ( ttc-B^ j 



Proof. We show how the the computation works for x and y near a left endpoint a. The calculation near P 
is similar. From Lemma 7.15 wc have 



KN,k[x,y) = 



1 



iVi/3^pO(^)pO(y) x-y 

With a - AIN^^/^ <x,y <a + MN'^/^, we have 

1 t{x) ~ t{y) t'{a) 



■ 'S±J^ . AiN'/hix), N^hiy)) + ei^) (x, y) . 



VWW^) x^y 



O 



Ari/2 



(629) 



(630) 



Since all partial derivatives of the Airy kernel A^^NtVn) tend rapidly to zero as and rjN tend to +00 
(while under our assumptions on x and y, and rj^ arc bounded below by a fixed constant, they may grow 
in the positive direction like N-^^^), we then obtain with a — MN^^^'^ < x,y < a + MN~^^^, 



Ari/3 



(631) 



Combining these estimates with the uniform estimate ei\[{x,y) = 0{N 2/3) furnished by Lemma 7.15 gives 
the desired result. □ 
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Applying this result to the determinantal formula (213) for the correlation functions completes the proof 
of Theorem 3.8. 

Theorem 3.9 follows from Theorem 3.8 with the use of the relation (525) connecting the correlation 
functions of the particle and hole (dual) ensembles. One also uses Proposition 2.6 to change the square-root 
behavior of the equilibrium measure density near the upper constraint into square-root vanishing for the 
equilibrium measure density corresponding to the dual ensemble. 

Now we turn our attention to the proof of Theorem 3.10. Here we present in detail a proof of (275). The 
proof of (276) is analogous and is left to the reader. The starting point is the fact that, according to (219), 
for any real s, 



^ ' (632) 
there are no particles at any nodes xiq j satisfying xat , < a — , ) 

= det(I-ifjv,fc|Lj, 

where Ls := {y G Xat such that y < a — sKttNcB^Y'^^} is the (finite, for each N) set of nodes that lie 
strictly to the left of a — s/ {ttNcB^Y^'^ . Since the right-hand side of (632) is the determinant of a finite 
matrix that we would like to compare with a Fredholm determinant, we will first define an integral operator 
-4Ar|[s,oo) acting on L^[s, oo) with a kernel Ai^{£^,vi) such that the Fredholm determinant det(l — An\[s,oo)) 
has precisely the same value for each N as the matrix determinant in (632). Moreover, it will be obvious 
from the construction that the kernel Aff{^,rf) will approximate the Airy kernel A{£^^rf) at least pointwise. 

Let M{s) denote the index of the rightmost node xi^^m(s) lying strictly to the left of a — s/ {nNcB^y^^ , 
and let xn.-i < o, he defined by 

r pO(x)dx=-L. (633) 
We define a kernel yljv(^,?7) on [s,oo) x [s,oo) by setting 



(634) 

if {^TNcB^f'^{a^XN,^) < ^ < {nNcB^f/''{a~XN,^^l) 
and [nNcB^Y/^ia^ XN,j) < V < {■KNcB^fl^{a~XN,j-i), 

for all pairs of integers i and j satisfying < i,j < A/(s), and Am{S,,ti) '■= for all other ^ e [s,oo) and 
1] e [s,oo). 

By a direct computation, we have for each positive integer p, 

X) 

det(A7v(Cm,Cn)) d^i... d^p 

^ ••• ^ Act{KN,k(.XN,i^.,XN,i^))l<m,n<plN I p° {xi) dxi ■ ■ ■ N / p°{Xp)dXp\ 



J\/(s) M{s) 

^ • • • ^ det{KN,k{xN,i^,XN,t„)) l<m,n<p ■ 

ii—0 ip—0 

(635) 
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This calculation uses the quantization rule (10) that defines the positions of the nodes in terms of the function 
/9°(x). The infinite series formula for the Fredholm determinant then implies that det(l — An\[s. oc)) = 

detil- KnMl J- 

Therefore to prove (275), we need to show that a.s N oo, 

-4jv|[5,oo) ^ -4|[s.oo) in trace norm. (636) 

Since .4Ar|[s_oo) ^nd -4|[s_oo) are both positive trace class operators, the following two conditions [Sim79] imply 
convergence in trace norm: 

(a) tr An lis, oo) ^ iT^Alis^oo) 

(b) An\[s,oc) ^ A\[s,oo), in the weak-* topology. 

For the purpose of estabhshing these two conditions, the following properties of the kernels An{£,, rj) and 
A(^, rj) arc essential ingredients. 



Lemma 7.17. For each fixed ^ and i], 



lim An{^,v)^A{^,7]). (637) 



Also, there are positive constants C and D such that the estimate 

i^(e,^)|<Ce-^(l^l''^+l''|■^'^^ (638) 

holds for all ^ > s and rj > s (the constants C and D depend on s but not on N). An estimate of the same 
form holds with Ajv(C,?7) replaced by A{^,r]). 

Proof. The pointwise convergence follows from Lemma 7.16, since ^ and rj fixed corresponds to x — a and 
y — a of order N~'^/^. To obtain the claimed estimates, one uses Lemma 7.15 when ^ and rj are of order N'^/^ 
such that the corresponding values of x and y are in the disc Dp surrounding the band edge a. When ^ 
and T] are such that the corresponding x and y values are both outside the disc, one uses Lemma 7.14 to 
obtain an exponential estimate in terms of the variables ^ and rj. Finally, when x is in the disc and y is 
outside the disc (or vice- versa), we may use the exact representation given by Proposition 7.9 and similar 
calculations. □ 



We first prove (a). From our definition of .4Ar|[ 



S,Oo) 7 



^^An\[s,oo) = / ANii^O^S, 

[s,oo) 



(639) 



AN{tOd^+ / ^A^(e,c)rf^ 



Applying Lemma 7.17 we see that the second integral is exponentially small as N oo. On the other hand, 
from the definition of A^ , the first integral satisfies 



M(s) M(s) + 1 

KNM^N,i,XN,i) < / AN{£_,£,)d£_ < ^ KN^k{xN,i,XN,i) ■ (640) 

i=M(Wi/6) + i ■^'^ i=A/(Ari/6) 



Using Lemma 7.16 and the fact that each of the above sums consists of 0{N^^^) terms, we find 

M(s) f^i/e A/(s) + l 

J2 ^(?^\?^^)A^+0(iV-i/6)< / AN{tOd^< E ^(ef ,ej;^)Ae+0(iV-i/6), (641) 

i=Af(JVi/6) + i i=M(Afi/6) 
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where 



Ari/3 



e;,' = {^NcB^f'%a~XN.,) and AC ^^yj^ . (642) 



Given the asymptotic equal spacing of between consecutive points CV ™^ ^^^'^ hmit N ^ oo, we see that 
both sums above arc in fact Ricmann sums: 



M{s) M{s) + 1 

hm J2 ^(C^\C^^)AC= lim AitOd^, (643) 

^=1/(^1/6)+! i=M(Ari/6) •'^ 

which proves (a). 

In order to check the condition (b), we need to show that for any /, g e L'^[s, oo) 

oo /'OO poo pOC 

f{0*AN{^,v)9{v)d^dv'- / / f{0*Ai^,7j)g{r^)d^dr,, (644) 



as iV — > oo, where the asterisk denotes complex conjugation. But from Lemma 7.17, 

fiO*M^, V)g{ri) - /(0*^(^, V)9{ri) (645) 

as iV^ oo for almost every ^ and r?, and also \f{0*AN{^,ri)g{rf}\ < C|/(0|e-^l«l'^' |.g(?7)|e-^l''l''", abound 
that is independent of N. By Cauchy-Schwarz. 

oo /"OO POO 

q/(e)|e-^l«l'''lff('?)k-^l''l dedry<C|l/||2!|.g!|2 / e-^^^''' < oo (646) 



so the desired result follows from the Lebesgue Dominated Convergence Theorem. Hence both conditions 
(a) and (b) hold and this completes the proof of (275). 

The proof of Theorem 3.11 follows from that of Theorem 3.10 by duality. 

A The Explicit Solution of Riemann-Hilbert Problem 5.1 

A.l Obtaining piecewise constant jump matrices: the transformation X(2;) 
Ytt(^). 

The first step in solving Riemann-Hilbert Problem 5.1 is to introduce a change of variables leading to a 
piecewise-constant jump matrix. Suppose that h(z) is a function analytic for z g C \ (—00, Pg] and consider 
the change of variables 

Y(z) := ±(z)e^^3{z)~hiz))a, ^g^^^ 

Then, since by definition —i4>Tj = i^9+{z) ^ '*.9-(^) when z is in any gap Vj, and for z € (— oo,/3g) setting 
h±{z) := lime|o h{z ± ie), we have the jump condition 

Y+(z)=Y_(z) I (648) 

y ^-iNer.+h+(z)-h^(z) 

for z e Tj for j = 1, . . . , G, and 

—l(>l-ri(z)+h+(z)+h-{z) 

Y+(z)=Y_(z)| I (649) 

_lQV{^)-l-h+{^)-h-{z) Q 
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for z in any band Ij for j = 0, 1, . . . , G. Finally, since for all real z < ao we have (7+(z) — g-iz) = 27ri, we 
have introduced a new discontinuity into Y(2;) by the change of variables (647): 

(g27riK — /!.+ (z)+/i-(2) g 
I (650) 
Q g — 27riK+/i+(2)-/i_ (2) 

for z € (—00, ao). 

In order to arrive at a problem with piecewise-constant jump matrices that is still normalized to the 
identity matrix as z — > cx3, we thus insist that h(z) be the solution of the following scalar Riemann-Hilbert 
problem: 

Riemann-Hilbert Problem A.l. Find a scalar function h[z) with the following properties: 

1. Analyticity; h{z) is an analytic function of z for z G C \ (— oo,/?^]. 

2. Normalization; As z ^ 00, 

h{z) = Klog(z) + 0^ . (651) 

3. Jump Conditions; h{z) takes piecewise- continuous boundary values on (— oo,/3g] with jump discon- 
tinuities only allowed at the band endpoints. For real z, let h±{z) := lime|o h{z ± ie). For z in the gap 
Tj = {Pj-ii ckj), J = 1, . . . , G, the boundary values satisfy 

h+{z) - h^{z) = icj (652) 

where ci, . . . , are some real constants. For z in any band Ij = {aj, (3j), j — 0, . . . ,G, the boundary 
values satisfy 

h+iz) + h^{z)^rjiz)~j, (653) 
where j is a real constant (the same constant for all bands). Finally, for real z < ao, 

h+{z)-h^{z)^2-KiK. (654) 

The determination of the constants ci, . . . ,cg and the constant 7 is part of the problem. 

To solve Riemann-Hilbert Problem A.l it is easiest to first solve for h'{z). Evidently the function h'{z) 
should be analytic for z G C\UjIj; in each band Ij the boundary values should satisfy h'^{z) + h'_{z) = rj'{z). 
As z ^ 00. we require the normalization condition h'{z) = k/z + 0(z~^). In order to obtain a formula for 
h'{z), recall the analytic function R{z) defined for z G C \ Uklk by (94), and set 

h'{z) = Mf) (655) 
R{z) 

to introduce a new unknown fimction fc(z). Evidently, fc(z) must be analytic in C \ Ujik and its boundary 
values fc±(z) := limg^o k{z ± ie) for z in a band necessarily satisfy 

A:-|_(z) — fc_(z) — rj' {z)R^(z) , for z in any band /-,- , (656) 

since i?+(z) + R^{z) = holds for z in the bands with i?±(z) :— limejo R{z ± ie). Taking into account the 
required asymptotic behavior of fc(z) for large z implied by (651), we solve for fc(z) in terms of a Cauchy 
integral: 

G-l 

fpz" (657) 

p=0 
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This is the general solution for k{z), and this estabhshes the formula (95) for h'{z). The constants /o, . . . , /g-i 
would seem at this point to be arbitrary; the next step is therefore to explain how they are determined. 

Note that the inverse square-root singularities present in h'{z) at the band cndpoints are integrable, 
so h{z) will indeed have piecewise-continuous boundary values as required. To complete the solution of 
Ricmann-Hilbcrt Problem A.l we must ensure that the identity h'_f_{z) + h'_{z) = r]'{z) holding in each 
distinct band Ij actually implies that h+{z) + h-(z) = rj{z) — 7 holds with the same integration constant 
—7 in each band. We thus require that the conditions (96) all hold. Substituting into (96) from (95), we 
obtain a square linear system of equations on the unknowns /i, . . . , /g: 



G-l 
m=0 



1 



Tl'{x)R+{x) 



dx 



■ KZ 



U,I, 



dz 

W) 



for / = 1, 



,G. 



(658) 



The linear system (658) is invertible. The determinant of the coefficient matrix is easily seen by multilinearity 
to be 



R{sg) R{si) ' 



(659) 



^^}i<Lrn<G)- Siucc the gaps Ti, . . . are 
and aj < f3j for all j), the strict inequalities 



where Dq(si, . . . , sg) is the Vandermonde determinant det({s| 
separated from each other by the bands (that is. Tj ~ (/3j_i, aj 
si < S2 < ■ ■ ■ < Sg hold throughout the range of integration, which implies that Dg{si, . . . , sg) is of one 
sign. Similarly, the product R{si)R(s2) ■ ■ ■ R{sg) is also of one sign. This proves that the determinant of 
(658) is nonzero. Note that the constants /o, . . . , fc-i solving (658) are all real because R+{x) is purely 
imaginary in the bands, and R{z) is purely real in the gaps. 

With the real constants /o, . . . , /g-i determined in this way, and taking into account the normalization 
condition (651) on h{z) as 2 —s- cx), we see that h{z) must be given in terms of h'{z) by the integral formula 
(97). Note that in (97), the point at infinity can be approached in any direction since k/z ~ h'{z) = 0{z~'^) 
as z ^ 00. In particular, if we consider z < ao and take paths of integration with arg(s — ao) = ±7r to 
compute h±{z), then it is easy to see that the condition (654) is satisfied for z < ao- The formula (97) clearly 
satisfies relations of the form (652) for j = 1, . . . , G; moreover the constants cj defined by (99), with h{z) 
given by (97), arc all real. Furthermore, we obtain the formula (98) for the integration constant 7. Clearly, 7 
only depends on the function ry(z) and the configuration of endpoints aQ < Pq < ai < Pi < ■ ■ ■ < < Pg- 

Given a configuration of endpoints, the solution h{z) of Riemann-Hilbert Problem A.l depends addi- 
tionally on the data (k, 77(-)). A key property of the function h{z), easily verified by superposition, is the 
following. 

Proposition A. 2. Fix a configuration of endpoints. Let ho{z) he the solution of Riemann-Hilbert Prob- 
lem A.l corresponding to the data (0, ?7(-)) with the real constants in (652) denoted by cj"' and with the 
integration constant in (653) denoted by 7'*'^. Let hi{z) he the solution of Riemann-Hilbert Problem A.l cor- 
responding to the data (1,0) with the real constants in (652) denoted by Wj and with the integration constant 
in (653) denoted by 7'^^. Finally, let h{z) he the solution of Riemann-Hilbert Problem A.l corresponding to 
general data {K.^rj{-)), with constants Cj andj. Then, 



h{z) = hQ{z) + Khi{z) 

Cj = cf^ +ujjK, for j = l,...,G 



(660) 



7 = ^(o)+^(i)^. 



The quantities uj j , which will have the interpretation of frequencies, are independent of n andr]{-), depending 
only on the value of the parameter c € (0,1), the functions V{-) and p'^{-), and the corresponding equilibrium 
measure. The quantities c^"' are similar, but depend additionally on the function r]{-). 
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The function Y(z) related to X(z) by (647) is analytic for z S C \ Emodoi on which it takes boundary 
values that are continuous except at the band edges where inverse fourth-root singularities may exist. The 
boundary values Y±{z) :— linieio Y(z ± ie) for z G Smodci satisfy the jump relations 



Y+(z) = Y_(z) 







for z e Tj, and 



Y+(z)=Y_(z) 



(661) 



(662) 



for z G Ij. From (651) and the asymptotic relation g{z) ~ log(z) + 0{l/z) as z — > cx) which follows from 
(291), we see that Y{z) = I + 0{z-^) as z -> oo. 

To find Y(z), and thus to explain the solution of Ricmann-Hilbcrt Problem 5.1, first consider the matrix 
Y«(z) related to Y(z) by 



Y''(z) := < 




Q(z) > 0, 
3(z) < 0. 



(663) 



This matrix only tends to the identity as z — > oo with 3(z) > 0. However, the advantage is that now the 
jump will be characterized everywhere by piecewise-constant off-diagonal matrices. Namely, if we introduce 
the notation Tq for M \ Emodei = {—oo,ao) U (/9g,oo), then Y''(z) is continuous and thus analytic for z in 
any of the bands Ij. On the other hand, letting y5_(z) := limejo Y''(z ± ie) for real z, we see that for z in 
the interval Tj, 



Y« (z) = yL(z) 



for j = 1, 2, . . . , G, and for z e Tq, 







YV(z) = YL(z) 



i 



i 



(664) 



(665) 



Thus, Y«(z) is analytic for z e C \ Sj^^^^i, where El^^^ci Tq U • • • U Tg- 



A. 2 Construction oi Y\z) by means of hyperelliptic function theory. 

We will first develop the solution assuming that G > 0. Along with the contour Slj^^^^^j, we associate the 
hyperelliptic Riemann surface S whose model is two copies of the complex plane cut and identified along 
^modei- Such a surfacc comes equipped with a function z : S —f C, P z(P) that realizes the identification 
of each sheet of S with the complex plane. Each point z G C with the exception of the cndpoints ao, ■ ■ ■ , Pg 
has two prcimages on S. Let y(z) be the function analytic for z G C \ EJ^^^j^pj that satisfies 

G 

y{z)^ ~ ~ IT('^ ~ — Pk) 1 and y{z) ^ iz^^^ as z ^ (X) with SJ(z) > 0. (666) 

fc=0 

This function may be analytically continued to all of the Riemann surface S with the exception of the two 
preimages of z = oo as a function y^{P), for P E S. We may distinguish the two sheets of S according to 
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whether y^{P) = y{z{P)) or y^{P) = -y{z{P)), as long as z{P) e C\ Sj^^^^^j. The polynomial relation that 
realizes S as an algebraic curve is then 

G 

y^{P?^\{{z{P)~a,){z{P)-l3,), Pes. (667) 
j=o 

We next specify on S* a basis of homology cycles: closed contours ak encircling Tk on the sheet where 
y^ (P) = y{z{P)) for fc = 1, . . . , G in the counterclockwise direction and conjugate contours oriented in 
the clockwise direction and chosen exactly so that bk intersects only the closed cycle a^, and precisely once, 
from the left of ak- The homology basis is illustrated in Figure 15. 




Figure 15: The contour 'S^'j^adei ^'^'^ homology basis ai,...,aG and 6i,...,6g i'n the associated two- 
sheeted Riemann surface S. The sheet on which the cycles are shown with solid curves is that on which 
y^{P) = y{z{P)) (on the other sheet y^ {P) = -y{z{P))). 

Also, let a vector of holomorphic differentials m'^(P) e €P be defined for _P e 5 to have components 

"^p(-P)- s/m ^^(-P)' forp=l,...,G. (668) 

A corresponding vector m(z) G C*^ may be defined for z G C\S]Jj^q^j,| to have components mp{z) := zP~^ /y{z) 
for p = 1, . . . , G. We define a G x G constant matrix A of coefficients so that 

/ Am'^(P) = 2TTie^^^ , for fc = 1, . . . , G , (669) 

J aj 

where e'^-'^ are the standard unit vectors in C*^. These equations determining the matrix A may be written 
in the equivalent form (102), which makes the integration concrete and also makes it clear that the elements 
of the matrix A real. We use the notation a^^^, . . . , a^'^^ to denote (in order) the columns of A. The vector 
Am'^(P) is the vector of normalized holomorphic differentials on S, the normalization being relative to the 
cycles ai, . . . , og. With A so determined, we construct vectors b^-') e C*^ by defining 

b(^) I Am^(P) , (670) 



and we denote by B the matrix whose columns are in order b^^-* . . . b'*^-*. The definition (670) may be writen 
in the equivalent form (103), which makes the integration concrete. The matrix B is real, symmetric, and 
negative definite, and thus B defines for w e C*^ a Riemann thcta function 8(w) by the Fourier series (105). 
Given a base point Pq e 5, the Abel-Jacobi mapping w^(P) is defined by 



w'^(P) := / Am-^ (671) 
Jpo 
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and since the path of integration on S is not specified, the mapping is made well-defined by taking the range to 
be the Jacobian variety Jac(S') = £p / K where A is the integer lattice with basis vectors 27rie(^\ . . . , 2Trie^'^'> 
and b(i) , . . . , bC^) . The definition (106) of w{z) is a concrete version of the Abel-Jacobi mapping with base 
point z = uq. Since m(z) behaves like 



m(z) 



. sgn(5(z)) 



as z ^ oo, 



(672) 



we see that m(z) is integrable at infinity in the two half-planes. The asymptotic behavior of w(z) may be 
easily computed: 



w(z) = < 



wr+(oo) + za^^'i + O , as z ^ oo with 3(z) > , 

vif_(oo) - ia'*^)- + O , as z -> oo with 9(z) < , 



(673) 



where the special values w-i-(oo) are defined by (107). 

For z S M, we denote the boundary values taken by m(z) and w(z) on M from the half-planes C± by 
ni±{z) and w±{z). The boundary values 'w±{z) are continuous functions with the following expressions: 



w±(z) 



j = l,...,G, 



and 



w±(z) 



w±(z) = / Am.±{x)dx for z e To, 

J ao 

._bO) ip y^Trie*'') + / Am.±(x)dx for z e T-j 

^ k=i ^ft-i 

w±(z) = / Am(2;) dx , for z e /q, 

_ b'^-'^ =F ^ TTie'^''^ + / Am{x)dx, for z e /j, j = 1, . . . , 

^ fc=i 



G. 



(674) 

(675) 

(676) 

(677) 



If z lies in the right half of Fq, we interpret the integral in (674) as lying always on Fq and passing through the 
point at infinity. Since m(z) is analytic for z S C \ S^^^^^,) and when z £ ^[-^^^^i we have m+(z) -|-m_(z) = 0, 
the boundary values of w(z) on the real axis are related as follows: 



and 
and 



w+(z) = -vkf_(z) - b'^-'' , for z e Tj, j = 1, . . . ,G, 

v^f+(z) = -w_(z) , for z e Fo, 
j 

w+(z) = w_(z) - 2me''^^ , for z e 7^, j = 0, . . . , G. 

fe=i 



(678) 
(679) 

(680) 



By the 27ri-periodicity of 0(w) in each coordinate direction of C*^, we see from (680) that for any vector 
q G C^, the function 

/(z;q) :-e(w(z)-q) (681) 
is analytic in C\ S^j^^^^j, and in fact takes continuous boundary values on S^^^^^^j. Moreover, using the facts 

e(-w):=e(w), and e(w±b(^)) = e--^"/2e±"'^e(w), (682) 
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holding for all w G C*^ and easily derived directly from the Fourier series (105), we find from (679) that if 
for real z we define f±{z; q) :— lim^io f{z ± ie; q), then 

/+(z;q) = /_(z;-q) for z e Tq, (683) 

and from (678) that for j = 1, . . . ,G, 

/+(z;q) = e-^"/2— -(-)e9^7_(z;-q) 

(684) 

when z € Tj. Now with the vector r defined componentwise by (101) and with the frequency vector 
having components uji,. . . ,ujg, consider the quotient functions 

/(z;±q) e(vir(z)=Fq) 

As long as the denominator does not vanish identically, it will have at most G zeros on C \ S^j^q^^^j (more 
precisely, replacing w(z) by w^(P), the resulting function of P will have exactly G zeros on the Riemann 
surface S, counting multiplicity, and these may occur on either of the two sheets). These quotient functions 
(7^(z;q), when q is such that the denominator is not identically zero, are meromorphic functions for z G 
C \ S;„odci- From (683) and (684) we then find that 

5±(2;q) = e±'^^-.eT^(4°'+-.«)gf(z;q) for z € T,, j = 1, . . . , G, (686) 

and for 2 S Fg, 

g±(z;q)=5f(z;q). (687) 

The subscripts again denote boundary values taken as real z is approached from the upper and lower half- 
planes, just as for /(z;q). The functions g^{z;q) also take finite values as 2; — > 00 separately in each 
half-plane, and in particular we have the asymptotic formula: 

g'^jzm) ^ ^ ^ i_^(G) . l' V9(w+(oo)TqT?r±i/tn) _ Ve(w+(oo)Tq) j ^o(—\ (688) 
5+(cx);q) z |_ e(vkr+(oo) T q T «r ± ikJ7) e(wr+(oo) T q) J V^^/ ' 

as z ^ cx) with 3(z) > 0, where V denotes the gradient vector in C*^, and thus a'-'^^ • V is a derivative in 
the direction of a'^''^. 

Comparing the desired jump relations satisfied by Y''(z) in the gaps with the jump relations satisfied 
by the functions _g*(z;q), we are led to the strategy of constructing the matrix Y''(z) from the quotient 
functions 5*(z; q) by choosing q appropriately. The functions g^{z; q) have poles in C\SJj^qj^[ corresponding 
to the zeros of the denominators, however they are also typically finite at the endpoints aa, . . . , Pq. Since 
we can admit mild singularities in Y''(z) at the endpoints, we may introduce additional functional factors 
with such singularities that also have zeros that cancel any poles in g^{z\ q). Thus, we may seek the matrix 
elements of Y''(z) in the form of products of g^{z] q) with these functional factors and choosing the vectors 
q appropriately. 

To introduce the correct functional factors, recall the function A(z) defined for z S C \ Sj^^^^^gj by (108) 
and the corresponding functions u{z) and v{z) defined in the same domain by (109). Noting that e"/'^A(z) 
is a real-analytic function that is positive for z G M \ Ej^^^^jj,;, we obtain the identity 

v{z) = -u{z*)* . (689) 

Both functions u{z) and v{z) are analytic throughout their domain of definition. The boundary values 
u±{z) := linieio u(z ± ie) and v±{z) := lmieiav{z ± ie) taken on SJ^-^q^jj^j have mild singularities at the 
endpoints, but are otherwise continuous and satisfy 

u+(z) = — v_(z) and v+(z) = u_(z) for z S SJ^qj^,; . (690) 
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Also, we clearly have u{z) 1 and v{z) ^ as z ^ oo with '^{z) > 0; more precisely, 

G G 

u{z) = l + o(^\ and v{z) = i- ^(/3fc " + Y.^fil - + O 



k=0 



as z oo with ^(z) > 0. 

To locate the zeros of u{z) and v{z), note that 



fc=0 



(691) 



= —u{z)v{z) 



4A(z)' 



[A(zr~l] 



(692) 



which proves that any zeros of u{z) must be reaL But the right-hand side does not vanish for z e C \ SJ^jq^^j, 
and therefore strictly speaking u{z) is nonzero in its domain of definition. However, the right-hand side of 
(692) has exactly one simple zero z = Xj in the interior of Tj for each j — 1, . . . , G, and no other zeros. 
These are precisely the G roots of the polynomial equation (110). Therefore, the boundary values u±{z) can 
have zeros. Parallel arguments apply to v{z). Since A_|_(z) limejo ^{^ + ie) > for z G "^'^odcV deduce 
finally that 

u^{xj) = and v+{xj) = for j = 1, . . . , G , (693) 

where xi, . . . , xg are the roots of (110) and < Xj < aj. 

To build matrix elements of Y''(z) out of products of g^{z; q) with u{z) or v{z), the vector q should be 
chosen to align the poles of the functions g^{z;q) with the zeros of the boundary values of u{z) or v{z). 
An important observation at this point is that the aggregates of points D± :~ {xj ± iO} form nonspecial 



divisors, meaning that if the expression [tc-iz'^ ^ + tG-2Z 



G-2 



to)/y{z) is made to vanish at all of 



the G points in either £)+ or D- by an appropriate choice of the coefficients tj , then it vanishes identically. 
This implies that the function /(z;q) will have exactly the same zeros as u{z), with the same multiplicity, 
if one takes q = q^, with q„ defined by (111) in terms of the Abel-Jacobi mapping evaluated on the divisor 
D_ and the vector k of Riemann constants defined by (104). Similarly, the function f{z;qj,) has exactly 
the same zeros as v{z) with the same multiplicity when q^, is defined by (111) in terms of the Abel-Jacobi 
mapping evaluated on the divisor _D+ and the vector k. Note that as a consequence of (678) and (104), 
+ = modulo ^ixilP . Also, q„ — q^ = modulo ^ixiTlP . We therefore can sec that all four functions 
w(z)(7^(z; ±q„) and u(z)(7^(z; ±qi,) ~ u(z)(7^(2;; ^q„) are analytic for z G C \ Sj^j^^^j and take continuous 
boundary values on Sj^j^^j^j with the exception of the band endpoints apj • ■ • j /?G where they all have negative 
one- fourth power singularities. With the help of these functions, we may now assemble the solution of 
Riemann-Hilbcrt Problem 5.1. First we write down a formula for Y''(z) by setting 



Y«(z) := 



5+(oo;q„) g_(oo;-q„) 



. , ^ g+(g;q») 



u{z) 



g (z;-q„) 



for G > 0. 



(694) 



'5+(c»;qi,) ' g+(oo;-q„) / 
If G = 0, then the Riemann theta functions are not necessary, and we have simply 



Y«(z) 



u[z) iv{z) 
iv{z) u{z) 



for G = 0. 



(695) 



A. 3 The matrix X(2) and its properties. 

In both cases, G = and G > 0, going back to the solution X(z) of Riemann-Hilbert Problem 5.1 requires 
multiplying Y*'(z) on the right by ia\ for 3(z) < to recover Y(z), followed by multiplication on the right 
by g(^(2)-Ks(z))<T3 to obtain X(z). We have proved the following. 
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Proposition A. 3. The unique solution of Riemann-Hilhert Problem 5.1 is given by the following explicit 
formulae: 



ff|(oo;qu) 5-(oo;-q») 



\ .9-(oo;q«) 5+(oo;-q«) 



-Kg(z)cr3 



> a«d G > 0, 



5_(cx);-q„) g+(cx);q„) 



< and G > 0. 



> and G = , 



X(z) <^ 



(696) 



(697) 



,-Kg(2:)(T3 



3(z) < and G = . 



V .9+(oo;-qu)" ^ 5^(00; qiO 

n(z)e''(^) TO(z)e-'^(^) 
i'y(z)e''(^) u(z)e-''(") 
-t;(z)e''(^' in(z)e-''(^) 
m(z)e''(^) -u(z)e-''(^) 

In verifying the solution, it is useful to observe in addition that g^(oo; q) = g^{oo; q) for any q € C*^. 

Proposition A. 4. Let the coefficients B^^J and Bj^f} be defined in terms of the elements of the matrix 
X{z)e<9{z')-iog{z))a3 follows: 

X(z)e'^(»(^)-'°s(^))-3 = J + + 1 b(2) +o(^] 

z V-^ / 



(698) 



as z —*■ 00. Then 
( 1 



^12 ~ ^ 



(/?o - ao) , 



±?21 - < 



9(w+(oo) — q^, + ir — iKr2)9(w_ (00) — q^,) 1 
e(v^r_(oo) - q„ + «r - mf^)e(w+(oo) - q^) 4 j:^^'^^ 



^(/^o - ao) , 



9(w+(oo) — q„ — ir + zKr2)9(w_ (00) — q.i,) 1 



- V(/3- 

e(w_(oo) - qi, - ir + mf2)e(w+(oo) - q^,) 4 
^Zso, if G = then 



a 



/or G = 
/or G > 0. 
/or G = 
/or G > 0. 



(699) 



(700) 



(1) ^ -^^12 
3(1) 



11 



-°12 



(Pa + ao) : 



(701) 



135 



and if G > then 



G 



3 3' 



J2(p3-^3) 
3=0 

ia(<^) • Ve(w+(oo) + q^, - ir + iKfl) ia^^) • Ve(w+(cx3) + q.,,) 



(702) 



6(w+(oo) + q„ — ir + ZKrj) 0(w+(oo)+q„) 
ia(<^) • V6(w+(oo) - q^, + ir - inQ) ia'*^) • V6(w+(oo) - q^,) 



6(w+(cx)) — q^ + ir — iKJl) 6(w+(oo) — q„) 

Proof. This follows directly from the explicit formulae for X(z) and the fact that qu + qu = modulo 2mlP . 
It is also perhaps useful to point out that it is never necessary to use an explicit expression for the leading 
coefficient of h{z) — Klog(z) as z ^ oo; although this coefficient appears in B^^2 ^'iid also in B^^^ it cancels 
out of the particular combination + B^j^ / B^^^ ■ ^ 

A. 3.1 Completion of the proof of Proposition 5.2. 

The uniform boundedness of X(2) for z bounded away from any band endpoints ao, • ■ • , /^G follows from 
the corresponding property of the functions u{z) and t'(z), and the manner in which the large parameter 
A'' enters into the argument of the Riemann theta functions as a real phase r — kVI that is independent of 
z (recall that 0(w) is periodic with period 27r in each imaginary coordinate direction in C*^). To see the 
independence of the combination X(z)e'*^'^-'°'^ from the arbitrary locations of any transition points in Yiv, 
observe that the combination Y(z)e~'''^-'°''^ can only involve the function g[z) through the endpoints of the 
bands, which clearly do not depend on any arbitrary choice of transition points in transition bands. 



A. 3. 2 Completion of the proof of Proposition 5.3. 

Note that for real z, the product p{z) :~ Xii{z)Xi2{z) can equivalently be written in terms of the elements 
of the matrix Y^z) as p{z) — Y^^j^{z)Yf2+{z) ■ Now. Y^{z) satisfies the symmetry 

f -^\ 

Y«(z) = Y«(z*)* . (703) 

Indeed, the left and right-hand sides of (703) both have the same asymptotic behavior as z cx) regardless of 
whether 9(z) > or 5j(z) < 0, and satisfy the same jump conditions for z GTj, j = 0, . . .G. In other words, 
both sides of (703) solve the same Riemann-Hilbert problem. A uniqueness argument based on Liouville's 
Theorem thus proves (703). Using (703) we may also write p(z) = —iYf-j^^{z)Yf^_{z)* when z is real. 

Let us now consider the zeros of the function Yfj^(z). Recall that u(z) is nonzero for z <S C \ Sj^^^^^j, and 
for z S S^qJjjj we have that u+(z) is bounded away from zero while u_(z) vanishes only at a single point 
Xj in each interior gap Tj = {Pj-i, aj) for j = 1, . . . , G. This shows that if G = then (since there are no 
interior gaps) p(z) is strictly nonzero for z £ Sj^^^^j,;. If G > 0, then the zeros of M-(z) on Sj^^^^j,; are cancelled 
(by construction) by corresponding zeros of the entire function 0(w(z) — q„) in the denominator of Y^■^^{z). 
Thus for G > the zeros of u{z) are precisely the zeros of the numerator 8(w(z) — q„ — ir + infl). Recall 
that r and nfl are real. By Jacobi inversion theory, it can thus be shown that 0(w(z) — q„ — ir + iKfJ) has 
exactly one zero on either the upper or lower edge of each cut Tj for j = 1, . . . , G (in a nongeneric situation 
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the zero may lie at one or the other endpomt of Tj). As the parameter k is varied continuously with q„, r, 
and $7 held fixed, the G zeros of &{w{z) — q„ — ir + inS},) oscillate about the cuts (moving one way along 
the upper edge and the other way along the lower edge) in a quasiperiodic fashion. The actual behavior of 
the zeros is more complicated since the parameter k can in fact only be incremented by integers (recall that 
the polynomial degree k is cN + k); thus if the frequency vector is a rational multiple of a lattice vector 
in ItxIP then the motion of the zeros will be periodic rather than quasiperiodic. In an extremely nongcncric 
situation the zeros of 0(w(z) — q„ — ir + mJl) may be located at the endpoints of the interior gaps V j for 
all admissible k. Therefore, if Xii±(z) is bounded away from zero for z S Fj, j = 1, . . . ,G, then X\\^(z) 
necessarily has a simple zero in the interior of Vj. This shows that the product piz) vanishes at exactly one 
point z = Zj in the interval oij\ for j = 1, . . . , G and G > 0. 

Now, for real z we write 



■p(z) = — iM_(.(z)u_(z)* 



u+(z) 



yA-(^) 

M_(z) 



(704) 



It follows from (692) that for z real, — m-|_(z)u_(z)* is a real function that satisfies 



-iu_)_(z)u_(z)* 
'iuj^[z)u^{zY 
-iu^{z)u^{z)* 
-iu^{z)u-{z)* 



< 0, 
> 0, 



-oo . 



for z < ao 
for z> Pg 
as z 1 aj for j 
as z J, 13 j for j ■ 



(705) 



:0,...,G 

0,...,G. 



At the same time, we have the existence of the following finite limits 



A, 



:= lim 



lim 

zip, 







^11 




u+{z) 






(^) 






-'ll 




u+{z) 




u_ 





(706) 



We clearly have Aj > and Bj > for all j = 0, . . . , G; the limits are strictly positive unless one of the 
zeros Zj occurs at an endpoint. This proves that p{z) > for z < Zj in Tj and that p{z) < for z > Zj in 
Fj, for j = 1, . . . , G, while p{z) < for z < ao and p{z) > for z > fSa- 



B Construction of the Hahn Equilibrium Measure: Proof of The- 
orem 2.17 

B.l General strategy. The one-band ansatz. 

The main idea is to begin with an ansatz that there is only one band, a subinterval of (0, 1) of the form 
(a,/3), where a and (3 are to be determined. Then using the ansatz we derive formulae for a and /3, the 
"candidate" equilibrium measure, and the corresponding Lagrange multiplier. Of course, one must then 
check that the measure produced by the "one-band" ansatz is consistent with the variational problem. 
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The associated field (58) is 
^(x) := yH-hn(^.^^5)^ / iog\x ~y\p°{y)dy 



(707) 

= -{A + x)log{A + x) - {B + I - x)log{B + 1 - x) + x\og{x) + {1 - x)\og{l - x) ^ ' 
+ A \og{A) + {B + l) \og{B + 1) - 1 , 

and hence 

ip'{x) = - \og{A + x) + log(l + B-x)+ \og{x) - log(l - x) . (708) 

In the presumed band, the candidate equihbrium measure (we will refer to its density as ip{x)) satisfies the 
equilibrium condition (79). Differentiating this equation with respect to a;, one finds that 

P. V. ^ dy = ^^'{x) (709) 
Jq x-y 2c 

holds identically for x in the (as yet unknown) band a < x < p. Introducing the Cauchy transform of ip^x), 

F{z):= t ^^dy, forzeC\[0,l] (710) 
Jo z-y 

elementary properties of Cauchy integrals imply that if F^(x) denotes the boundary value taken on [0,1] 
from above, and -F-(x) denotes the corresponding boundary value taken from below, then 

F+{x)-F_{x) = -27r#(x), 

1 Mv) ^^^^^ 
{F+{x)+F_{x)) = P. V. / ^dy. 

2 Ja x~y 

Also as z oo, the condition that ip{x) should be the density of a probability measure implies that 

F(z)^- + o(^], asz->oo. (712) 
z \z J 

According to the one-band ansatz, the remaining intervals (0, a) and (/3, 1) are either voids or saturated 
regions. So at this point, the one-band ansatz bifurcates into four distinct cases that must be investigated: 
these are the four configurations void-band-void, saturated-band-void, saturated-band-saturatcd, and void- 
band-saturated. We will work out many of the details in the void-band-void case, and then show how the 
analysis changes in the other three configurations. 

B.2 The void-band- void configuration. 

In both voids (0, a) and (/3, 1), we have the lower constraint in force: ip{x) = 0. Hence from (709) and (711), 
F necessarily solves the following scalar Riemann-Hilbert problem: F{z) is analytic in C\ [a, /3] and satisfies 
the jump condition 

F+{x) + F^{x) ^ -(p{x) , for a (713) 
c 

and as z — *■ oo, 

nz) = i + 0(^l) • (714) 
The solution to this Riemann-Hilbert problem is given by the explicit formula 

nz) = ^ f p Xi^^ , dy, forzeC\[a,/?], (715) 
2TncJ^ R+{y){y~z) 
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where the subscript "+" indicates a boundary value taken from the upper half-plane, R{z)^ = (z — — /3), 
and the square root R{z) is defined to be analytic in C \ [a, /3] with the condition that R{z) ~ z as z — > oo. 
The asymptotic condition (714) on F now implies, by explicit asymptotic expansion of the formula (715), 
the following two conditions on the cndpoints a and /?: 



27riJ^ R+{y) 

(716) 

dy = c. 



i-KiJ^ R+{y) 

In a standard application of formulae involving Cauchy integrals, one can evaluate the above integrals and 
find that the endpoint equations arc equivalent to 

™h-.(^) (ii±I^)-c„»,r.(£)+c„„r.(l^) . (717) 



v/(A + s)2 -(P- v/s2 -fP + ^{l + B - sf -(P- v/(l - sf - (P = 2C + A + B, (718) 
where s and d are defined by 

2— ' ■ (719) 



Now using the addition formula cosh ^(a)±cosh ^(6)= cosh ^{ab± \/{a? — l){h'^ — 1)) twice, the equation 
(717) becomes 



{2 + A + B)s- ^{A + sf - dWs^ -d'^=B + l- ^{B + \ - - dV(l ^ sf - . (720) 

Thus a and /3 are necessarily solutions of the system of equations (718) and (720). Now we take the square 
of both sides of (718) and add two times (720), and we find 

/71 v5 ?7 /—^ ^ {2c + A + Bf + A^ - B^ 

V(A + .)2-rf2-yF3^^ ^ 2(2c+!4 + B) • ^'^'^ 

To simplify upcoming formulae, we set 

W = y^{A + sf~P (722) 

X = Vs^ - (723) 

Y = ^{B + l-sf-d^ (724) 

Z = ^/Jl~sf~~P. (725) 

With this notation, the equations (720) and (718) for s and d (and hence for a and /3) become 

{2 + A + B)s - WX = B + l-YZ (726) 

Y-Z = 2c + A + B - {W - X) . (727) 

By taking the square of both sides of (726) and adding two times (727), we find 

W-X^^^^^±A±^L±^^=:K. (728) 

2{2c + A + B) ^ ' 

On the other hand, by the definition of W and X, {W - X){W + X) A^ + 2As, and thus (728) implies 
that W + Y = {A^ + 2As) /K. Hence 

A^ + 2As , , 

2W = K+ (729) 

K 

2X = -K+^±^. (730) 
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Also (727) implies that Y-Z ^ 2c+A + B-K, and from the definitions of F and Z, we get {Y-Z){Y + Z) = 
B'^ + 25(1 - s). Therefore we find 

2Y = 2C + A + B-K+ B^ + mi-s) 

2C + A + B-K ^ ' 

2Z = -(2c + A + B-i.) + |l±^f^i-4. (732) 
Substituting (729), (730), (731) and (732) into (726), wc find a quadratic equation in s: 



A^ + 2Asy\ 1L,„,,,^ ,,,2 f B'' + 2B{l-.s) 



i^+^+B)s--^-K-^+^^^^) j-B+l + -Y2c + A + B-Kr-^ —--_- ] } (733) 
where K is defined in (728). The solutions to this quadratic equation are 



A{A + B) + {A + B){B - A + 2 )c +(B-A + 2)c 
{A + B + 2cf 



and 

A{A + B)(l + S) + (A + B)(A + B + 2)c + (^ + S + 2)c^ .^^^ 
s - S2 ^2_g2 ■ (735) 

Since < a + /? < 2, we need to check which of these two roots actually lie in [0, 1]. For S2, one sees that if 
A < B^ then S2 < 0, and if ^ > B, then by looking at the terms not involving c, 

A{A^B){\^B) A^B + AB^ + AB + B^ 
-2 - 1 > 1 = ^r-^, > . (736) 

On the other hand, the numerator of si can be written as 

A{A + B){\ -c)+c{{A + B){B + 2) - Ac\ + (B + 2)^ . (737) 

Since < c < 1, each term is positive, and thus si > 0. Analogously, the numerator of 1 — si can be written 
as 

{A + B)B{1 - c) + c{A{A + 2)+B{A + 2- c)] + {A + 2)c^ , (738) 

and each term is positive as c G (0, 1), which implies that si < 1. Thus si e (0, 1), and we have found the 
root we need. 

Substituting (734) into (730) and (732), we find 

X = Xq, Z = Zo (739) 

where 

-^-{A + By + A 
^0 •- , D , o„',2 ('40) 



{A + B + 2cf 
;^ - (A + B)c - 
(A + S + 2c)2 



Note that 



Xo > , for < c < CA (742) 

Xo < , for c> (743) 

> , for < c < CB (744) 

< , for c> CB . (745) 
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Thus the conditions X, Z > yield conditions on c which are: 



< c < mm{cA,CB) ■ (746) 

Only for c satisfying these inequahties can a and /3 be found from the equations /3 + a ~ 2s and af3 ~ 
— cP ~ Y. The quadratic equation for a and /3 is exactly (189), and the explicit solutions are given by 
(190) and (191). 

With the endpoints determined, the candidate density for the equilibrium measure in the interesting 
region a < x < [3 can be obtained by evaluating F(z) and using 

V'(a:) = -^(F+(x)-F_(x)) . (747) 

First we evaluate F{z). For z G C \ [a, /?], we have 

^ ' 2^^c7„ R+{y){y-z) ^ 

(748) 



Amc J To R{y){y- z) 

where the closed contour Fq encloses the interval [a, /?] once in the clockwise direction, and the inside 
of Fq does not include any points y in the set {z} U (— oo,0] U (l,oo]. Noting that ^p'{z) is analytic in 
C \ ([— A, 0] U [1,1 + -B]), we deform the contour of integration so that the integral over Fq becomes the 
integral over the union of the intervals [— A, 0] and [1, 1 + B]. Being careful with branches of the various 
multivalued functions involved, we find that 

Here when z is in either of the intervals (— A, 0) or (1, \ + B) where F{z) is supposed to be analytic, the 
integral is interpreted as the principal value. This integral is equal to 

F{z) = —if'iz) - — ^ / = + / = . (750) 

Now we use the following formula (see, for example, [AbrS65]), 
ds 2 




\ log(s + z) 



{s + a){s + h){s + z) y/{z - a){z - b) 
and evaluate the two integrals exactly. The result of this calculation is that for z G C \ [a, /?] 



(751) 




(752) 



where all the square root functions -^/w arc defined to be analytic in w e C\ (— cxo, 0] with the condition that 
^Jw > for w > 0, and the logarithm log(?i') is defined to be analytic in w G C \ (— oo, 0] with the condition 
that log(w) > for ui > 1. Now using log(a + ih) — log(a — ib) = 2i arctan(6/a), we obtain, for x G (a, /3), 
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the formula cited in Theorem 2.17 for the equihbrium measure (as mentioned above, the candidate ip{x) we 
have just constructed turns out to be the actual density of the equilibrium measure). 

The Lagrange multiplier £c can then be obtained from the variational condition (79), which we may 
evaluate for any x G [a, /?]. Therefore, since ^pi^) is only supported in [a, /3] in the void-band- void case under 
consideration, 

ic = -2c / log(/3 - s)i'{s)ds + ifiiP) . (753) 

J a 

Here we have arbitrarily picked x ^ f3. Now using the exact formula for ip{x) and the identity 



— y log(^ - s) arctan I fcy ^— ^ I = ^ (log(/3 - a) - 1) + 



ilog(l + fc)-log2 



P-c^Ja \\s-aj 2(l + fc)' ' ' l-fc2 

(754) 

we obtain the corresponding formula for the multiplier. 



B.3 The saturated-band-void configuration. 

Since ^(.t) = 1/c in the saturated region supposed to be the interval (0, a), from (709) and (711), the 
Cauchy transform of the candidate density i\j[x)., F{z), is necessarily the solution of the following scalar 
Riemann-Hilbert problem; F[z) is analytic in C \ [0, /3] and satisfies the jump conditions 

F+{x)-F^{x)^ (755) 

c 



for < a; < a, and 

for a < a; < /?, and as z — > oo, 

The solution is 



F+(x)+F.(x) = -ip(x) (756) 
c 



Fiz)^- + - . (757) 



where R{z) denotes the same square root function as before. The equations for the cndpoints a and /3 now 
include additional terms: 

dy ^ 

(759) 

dy = c. 



1 

R{y) 


dy - 


27ri 


f v'{y) 
J a R+{y) 


y 

R{y) 


dy - 


2TTi 


yv'iy) 
J a R+iy) 



Evaluating these integrals, these equations are equivalent to (c/. (726) and (727)) 

{A + B + 2)s + WX = B + l-YZ (760) 
Y-Z = 2c + A + B - {W + X) (761) 
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where W, X, Y, Z arc exactly as defined in (722)-(725). Similar reasoning tlien yields 



2W = K+ ^'^J^' (762) 
K 

2X = K-^-t^ (763) 

Substituting these formulae into (761), we obtain exactly the same equation as in the previous case, namely 
(733), and we also find that we must take the root s ~ si. From this, we get 

X = -Xo, Z = Zq. (766) 

Thus X, Z > imply the following conditions on c: 

CA<c<CB- (767) 

Hence it is necessary in the saturated-band-void case that A < B (see (188)). Under these conditions, one 
finds that the solutions a and f3 are again given by the exactly the same formulae as in the previous case 
— only the conditions on c. A, and B are different. The candidate equilibrium measure in the band (a,/3) 
and the corresponding Lagrange multiplier may now be found as before by evaluating the integrals in the 
explicit formula for F{z) and taking boundary values on (a,/3). 

B.4 The void-band-saturated configuration. 

The appropriate scalar Riemann-Hilbert problem for the Cauchy transform of the candidate density is the 
following: F(z) is analytic in C \ [a, 1] and satisfies the jump conditions 

2-777 

F+(x)^F_ix)^ (768) 

c 



for /? < a; < 1, and 

for a < X < P, and as z — > oo. 



F+{x)+F_{x) = -ip{x) (769) 
c 



Pi-) = 1 + (^]. (770) 



The solution is 



R{z) ip'jy) r , \ /77n 



By taking moments of F{z) for large z and analyzing the resulting equations we find again the same quadratic 
equation for s, but this time we get 

X = Xo, Z = -Zo . (772) 
These imply the following conditions on c: 

CB <c<CA, (773) 

and therefore this configuration is only possible if _B < ^. Again one then finds that a and /3 are given by 
the same formulae as before, and by evaluating F{z) one can calculate the candidate density for a < x < P 
and the Lagrange multiplier ic- 
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B.5 The saturated-band-saturated configuration. 

The scalar Riemann-Hilbert problem for the Cauchy transform of ip{x) is: F{z) is analytic in C \ [0, 1] and 
satisfies the jump conditions 

9'rr-i 

F+{x)-F.{x) = (774) 



for < a; < a and (3 < x < 1, and 
for a < X < P, and as z — > c», 

The solution is 



F+{x)+F-{x) = -^{x) (775) 



Fiz)^-^+o(^] . (776) 



By similar analysis, we arrive again at the same quadratic equation for s, and find 

X = -Xo, Z = -Za. (778) 
These imply the following conditions on c: 

max(cA, cb) < c < 1 , (779) 

and again the cndpoints a and /3 have the same expressions as before. Evaluating the integrals in F{z) and 
taking boundary values then gives the candidate density in (a, /?), and the Lagrange multiplier may then be 
found by direct integration. 
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C List of Important Symbols 

Symbol Meaning Page reference 

N Number of nodes 3 

Xn Set of nodes 4 

XN,n Node 4 

WN,n Weight at the node xjy^n 4 

w{x) Weight fmiction defined ior x € Xjy 4 

PN,k{z) Discrete orthonormal polynomial 4 

^rfk Coefiicient of z™ in pjv,fc(-z) 4 

^N,k Leading coefficient of pjv,fc(2) 4 

T^N,k{z) Monic discrete orthogonal polynomial 4 

p'^{x) Node density function 5 

[a, b] Interval containing nodes 5 

Vn{x) Exponent of weights 5 

V{x) Fixed component of Vn{x) 6 

r){x) Correction to NV{x) 6 

k Degree of polynomial, number of particles 6 

c Asymptotic ratio of k/N 6 

K Correction to Nc 6 

P{z;N,k) Solution of Interpolation Problem 1.2 8 

ctjVjfc Diagonal recurrence coefficients 10 

bjv^fc Off-diagonal recurrence coefficients 10 

A Subset of node indices where triangularity is reversed 10 

Zjv {0, l,2,...,iV-l} 10 

#A Number of elements in A 10 
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Oy LLllJDL 


iVlLdjlliliy, 


L aj 




P{z; N, k) with residue triangularity modified 


10 


0-3 


Pauli matrix 


10 


V 


Complementary set to A in Z^r 


11 


V{z;N,k) 


Dual ofP{z;N,k) 


11 


k 


N — k, number of holes 


11 




Pauli matrix 


11 


WN.n 


Dual weight at the node XN,n 


11 




Dual of 7rjv,fc(z) 


12 


lN,k-l 


Dual of "/N.k 


12 


ip{x) 


External field 


17 




Energy functional 


17 


Mmin 


Equilibrium measure 


17 


FM 


Modified energy functional 


18 




Lagrange multiplier (Robin constant) 


18 


z 


Set where lower constraint holds 


18 


f 


Set where upper constraint holds 


18 


G 


Genus of S 


20 


ao,. . . ,aG 


Left endpoints of bands 


20 


/3o, ■ • ■ ,/3g 


Right endpoints of bands 


20 


Iot ■ ■ i1g 


Bands 


20 


ri,...,rG 


Interior gaps (voids and saturated regions) 


20 




Variational derivative of 


20 



,ge reference 



Lc{z) Complex logarithmic potential of nf^^^^ 20 
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Symbol 



Meaning 



Page reference 



[z) Continuation from F of logarithmic potential of /i^jn 20 

(z) Continuation from / of logarithmic potential of /i^jn 20 

£,r{x) Analytic function defined in gap F 20 

ipii^) and 'ipiix) Analytic hmctions defined in band / 21 

Tp'^{z) Conformal mapping near band/ void edge a 21 

Tp'^{z) Conformal mapping near band/void edge f3 21 

T^'^(z) Conformal mapping near band/saturated region edge a 21 

T^'^(z) Conformal mapping near band/saturated region edge f3 21 

, ■ • ■ , drc Constants defined in interior gaps Fi , . . . , F^ 21 

0{a,ao) a'^d 9(f3c^b) Constants defined in exterior gaps (a, ao) and {(3G,b) 22 

Vn{x) Dual of W (a;) 22 

MmTn Dual of 22 

R{z) Branch of square root of [z — a^) ■ ■ ■ {z — (3g) 22 

h{z) Solution of Riemann-Hilbert Problem A. 1 23 

7 Correction to N^c 23 

Cj^^ K- independent part of hj^{z) — h^{z) for z G Tj 23 

u)j Coefficient of k in /i+(z) — h^{z) for z e Tj 23 

r Phase vector with components NOr^ — c^^"* 23 

n Frequency vector with components ujj 23 

y(z) Branch of square root of (z — ao) • • • (z — (3g) 23 
mi(z) dz, . . . , mG{z) dz Branches of holomorphic differentials mf{P), . . . , ttiqIP) 23 

A Matrix with columns a(i),. .. ,a(<^) 23 

B Riemann matrix with columns b(^\. .. jb'^'-') 24 
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Symbol 



Meaning 



Page reference 



k Vector of Riemann constants 24 

0(w) Riemann theta function 24 

w(z) Branch of Abel-Jacobi mapping 24 

w-i-(oo) Limiting values of w(z) as z — > oo 24 

u{z) and v{z) Factors in solution of Riemann-Hilbert Problem 5.1 24 

q„ and q^, Vectors in the Jacobian giving zeros of u{z) and v{z) 24 

W{z) Alternate notation for Xii{z)e''3('') 24 

Z{z) Alternate notation for Xi2{z)e-'^3{z) 25 

Hp{z) Factors in first row of tl^'^iz), Hp "^(z), lip^{z), and tlp^iz) 25 

Kj Compact complex neighborhood of a closed interval J 26 

Phase variable related to p'^{z) 26 

w^'^™ {p, q) Krawtchouk weights 34 

V^'^^'" {x; I) Exponent of Krawtchouk weights 34 

w N,n (6, c, d) Weight degenerating to w^f^"" (P, Q) and (P, Q) 35 

wW^n'iP.Q) Hahn weights 36 

m;^^^°'=(P,Q) Associated Hahn weights 36 

F^'^'^" (x; P, Q) Exponent of w]^^^™ (P, Q) 36 

yHahn^^;; A,P) Fixed component of V^^hn(^.^^_^ 2 jy^,^;^) 37 

^Hahn^^. p Correction to NV^'''^'' (x; A, B) 37 

V^''"°'=(a;;P,0) Exponent of w^^^"'^ (P, Q) 37 

^Assoc(^. ^) pi^gj component of V^''"°'=(a;; NA + 1,NB + 1) 37 

and cb Critical values of c for the Hahn equilibrium measure 37 

p(N,k)^^^^ . . . , xj,) Joint probability distribution of k particles 40 



148 



Symbol 



Meaning 



Page reference 



P(cvent) Probability of an event 40 

Zj^i^k Normalization constant for p'-^''^\xi, . . . , Xk) 40 

, Xm) m-point correlation function of fc-particle ensemble 42 

E(X) Expected value of a random variable X 42 

KN,k{x,y) Reproducing (Christoffel-Darboux) kernel 42 

Ain''^'' (B) Local particle occupation probability 43 

p{N,i^) (y-^^ . . . ^ y^.) Joint probability distribution of k holes 43 

Zj^ f. Normalization constant for p^^^'^' [yi, . . . ^y^) 44 

a, b, and c Dimensions of the abc-hexagon 45 

Pi, P2, -P3, Pa, P5, and Pg Vertices of the abc-hexagon 45 

C Hexagonal lattice within the abc-hexagon 45 

21, *8, and £ Rescaled a, b, and c 45 

Crn "^'^ vertical sublattice of £ 47 

A^(a, b, c, to) Number of points in Cm 47 

o„i and b,„ |m — a| and \m — b| 47 

Qm Lowest lattice point in £,„ 47 

Lm Number of holes in Cm 47 

Pm{xi, . . . , Xj) Probability of finding particles at xi, . . . , in Cm 47 

Pm (^1 , . . . , ) Probabihty of finding holes at ^1 , ... , in £,„ 47 

T Rescaled location of £,„ in the abc-hexagon 48 

S{^,ri) Discrete sine kernel 49 

Sij{x) Node index form of S'(^, ?/) 50 

Eint{[A, P]; .T, P, A^) Expected number of particles near x 50 
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Symbol 



Meaning 



Page reference 



Afint([^, B]; X, H, N) Number of nodes near x 51 

A{^, 77) Airy kernel 52 

Xniin and Xniax Nodes occupied by leftmost and rightmost particles 53 

00) Operator acting with kernel ^(^,77) on L^[s,oo) 53 

^min and ft-inax Nodcs occupicd by leftmost and rightmost holes 54 

Yoo = {yii • ■ • , Vm} Limiting transition points 56 

Yn = {yi,N, ■ • ■ , 2/M,Af} Transition points 56 

Eg" and Complementary systems of subintervals of (a, b) 56 

dN #A/7V 57 

e Contour parameter 57 

E Contour of discontinuity of R(z) 57 

J and Compact regions of C \ E 57 

Ii{z) Matrix unknown obtained from Q{z; N, k) 58 

p{x) Density for g{z) 59 

g(z) Complex logarithmic potential of p{x) 59 

S{z) Matrix unknown obtained from R(2;) 59 

6{z) Phase variable related to p{x) 59 

(l){z) Correction to N6{z) 59 

Ty{z) Analytic function measuring discreteness in Eg^ 59 

Ta(z) Analytic function measuring discreteness in E^ 60 

Constant value of 4'{z) in gap P 60 

L±(z) Lower-triangular factors in jump for S(z) in bands 61 

3{z) Off-diagonal factor in jump for S(z) in bands 61 
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Symbol 



Meaning 



Page reference 



U±(2) Upper-triangular factors in jump for S(z) in bands 61 

Y{z) Scalar function related to T-^{z) and 7a (z) 61 

9Y{z) and 9fiz) Analytic continuation of e{z) from / n and / n 67 

X(z) Solution of Ricmann-Hilbcrt Problem 4.6 68 

EsD Contour of discontinuity of X(z) 68 

D(z) Matrix factor relating X(z) and P(z; N, k) 69 

Eq'j. and Vertical segments of Esd connected to band endpoints 74 

E/i Horizontal segments of Esd parallel to a band I 74 

Er-t Horizontal segments of Esd parallel to a gap P 74 

X(z) Solution of Riemann-Hilbert Problem 5.1 76 

Smodci Contour of discontinuity of X(z) 77 

^{z) SE./Sfiiz) ~ {dN - c){g+{z) + .g_(z)) 79 

h Additional contour parameter (with e) 80 

D^'^ Disc centered at band/void edge z = a 80 
D^'l" , D^'^j, D^'^jj, and D^'^y Quadrants of Dp 80 

Zp Matrix proportional to X(z) in D^''" 81 

Zp Matrix proportional to X(z) in Z)^'^ 81 

Hp'^(0) Holomorphic prefactor in Zp'^(z) 81 

Z^'^(C) Explicit model for Zp'^(z) 82 

Xp '^(z) Local parametrix for X(z) in D^'^ 84 

D^'^ Disc centered at band/void edge z = (3 84 

D^'f , D^jj, D^'fjj, and -Dp Quadrants of D^'^ 84 
Zp Matrix proportional to X(z) in Dp 84 
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Symbol 



Meaning 



Page reference 



Zp Matrix proportional to X(z) in D^'^ 85 

Hp '^(z) Holomorphic prefactor in Zp '^ (z) 85 

Z^'^(C) Explicit model for Zp -^(z) 85 

Xp ' (z) Local paramctrix for X(z) in D^'"- 85 
Dp Disc centered at band/saturated region edge z = a 86 

Dp j^, D^'^j, D^'^jj, and D^'^y Quadrants of D^'^ 86 

Zp ''^ Matrix proportional to X(z) in Dp 86 
Zp Matrix proportional to X(z) in Dp 86 

Hp'^(z) Holomorphic prefactor in Zp'^(z) 87 

Z^'^(C) Explicit model for Zp'-^(z) 87 

Xp ' (z) Local paramctrix for X(z) in DJf'^ 87 

D^'^ Disc centered at band/saturated region edge z = (3 87 

D^'p , D^'pj, D^'fii; and D^'j^ Quadrants of D^'^ 87 

Zp ' Matrix proportional to X(z) in D^'^ 88 

Zp ' Matrix proportional to X(z) in Dp'^ 88 

Hp '^(z) Holomorphic prefactor in Zp '''' (z) 88 

Z^"R(C) Explicit model for Zp'-^(z) 88 

Xp '^(z) Local paramctrix for X(z) in D^'^ 89 

X(z) Paramctrix (global) for X(z) 90 
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Meaning 



Page reference 





Region of deformation below a saturated region T 


91 




Contour of discontinuity of F(z) 


93 




Jump matrix for F(z) onT,p 


93 


-"-m V^i 5 ■ ■ ■ 5 -^my 


77i-point correlation function of /c-liole ensemble 


107 




Dual of Kn k(x, v) 


107 


B(x) 


Matrix factor in exact formula for K]S!,k(x^ y) 


112 


V and w 


Vector factors in exact formula for KN,k{x, y) 


112 


a and b 


Vector factors in exact formula for KM.k{x, y) 


114 


Ap'^^fx), Op'^^fx). and v^'^ ix) 


Factors in exact formula for Ki^[^k{x^y) 


114 


Ap'^fx), Qp'^fa;), and r^'^(x) 


Factors in exact formula for K^^ ^.(x, y) 


114 




M^atrix constructed from ^(7) and h(7) 


127 


± J 


Matrix directly relcited. to Y(2) 


130 


u 


(— OO O'n) IJ ( Br^ CXD) 


130 


S' 

model 


r^nirhnnr nf Hitir'AntiTinit'^/' nf "V'^f 7^ 


130 




fjypgrelliptic Riemann surfecG 


130 




JJypcj^c^lip^ic g^^cct projection function 


130 


y \^ ) 


AnaK/'fiP rrmf imifitimi ii( yi P\\ to 


130 


oi, . . . , AG and &i, . . . , 6g 


Homology basis on S 


131 


mf(P),...,mg(P) 


Holomorphic differentials (unnormalizcd) on S 


131 




Abel-Jacobi mapping on S 


131 


/(^;q) 


Shifted Riemann thcta function 


132 




Ratios of shifted Riemann thcta functions 


133 
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